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Abstract—Medium-term planning of cascaded hydropower
(CHP) determines appropriate carryover storage levels in reser-
voirs to optimize the usage of available water resources. This
optimization seeks to maximize the hydropower generated in
the current period (i.e., immediate benefit) plus the potential
hydropower generation in the future period (i.e., future value).
Thus, in the medium-term CHP planning, properly quantifying
the future value deposited in carryover storage is essential to
achieve a balanced trade-off between immediate benefit and
future value. To this end, this paper presents a framework to
quantify the future value of carryover storage, which consists
of three major steps: i) constructing a model to calculate the
maximum possible hydropower generation that a given level of
carryover storage can deliver in the future period; ii) extracting
the implicit locational marginal water value (LMWV) of car-
ryover storage for each reservoir by applying a partition-then-
extract algorithm to the constructed model; and iii) developing
a set of analytical rules based on the extracted LMWV to effec-
tively calculate the future value. These rules can be seamlessly
integrated into medium-term CHP planning models as tractable
mixed-integer linear constraints to quantify the future value
properly, and can be easily visualized to offer valuable insights
for CHP operators. Finally, numerical results on a CHP system
of Portland General Electric demonstrate the effectiveness of the
presented framework in determining proper carryover storage
values to facilitate medium-term CHP planning.

Index Terms—Multi-parametric programming, locational
marginal water value, cascaded hydropower.

NOMENCLATURE

Major symbols used throughout the paper are defined here,
while others are clarified as needed after their first appearance.

Sets and Indices:

B̃h Set of explored binaries for critical region (CR) h.
In Set of units in reservoir n, indexed by i.
L/l Set/index of weeks covered in the future period, i.e.,

l ∈ L = {T + 1, ..., T + L}.
N/n Set/index of reservoirs, i.e., n ∈ N = {1, ..., N}.
N̄n/m Set/index of direct upstream reservoirs of reservoir

n.
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R/r, h Set/indices of CRs, i.e., r, h ∈ R = {1, ..., R}.
T /t, τ Set/indices of weeks covered in the current period,

i.e., t, τ ∈ T = {1, ..., T}.

Decision Variables:

Dni Discharge rate of unit i on reservoir n. [m3/s]
Ini ON-OFF status of unit i on reservoir n.
L

n-dis/dis
n Length of non-discharge/discharge phase of reservoir

n in the future period. [week]
L∆
vu Gap between discharge phases of reservoirs v and u.

[week]
Pni Hydropower dispatch of unit i on reservoir n. [MW]
Sn Water spillage of reservoir n. [Mm3]
V cs
n Carryover storage of reservoir n, forming vector V cs.

[Mm3]
W∆

n Water difference between the total inflows and out-
flows of reservoir n. [Mm3]

W i/o
vn Water inflow/outflow from direct upstream reservoir

v to reservoir n during L∆
vu.

Zr Binary indicator for CR r.
⋄ Superscript to indicate variables of the current period.

Parameters:

Cws
n Water spillage penalty of reservoir n. [MWh/Mm3]

D
M/m
ni Max/min discharge rate of unit i on reservoir n.

[m3/s]
eh, fh Constant vector and scalar to describe CR h.
K Number of samples for the Bayesian neural network.
L/T Length of future/current period. [week]
Or/h Number of inequalities to express CR r/h.
P

M/m
ni Max/min power limit of unit i on reservoir n. [MW]

R Number of final CRs.
V cs,θ
n The counterpart of V cs

n representing parameters in the
multi-parametric programming model.

V
M/m
n Max/min storage level of reservoir n. [Mm3]

Ŵ
cp/fp

Water inflow prediction for the current/future period.
πrn LMWV of reservoir n in CR r. [MWh/Mm3]
λ, α Unit-converting parameters, set as 168 h/week and

0.6048 Mm3·s/m3, respectively.

Functions and Regions:

A(·) Function for calculating immediate benefit. [MWh]
F (·) Function for converting carryover storage (in m3/s)

into future value (in MWh).
PRtP(·) Piece-wise linearized function converting discharge

rate (in m3/s) into power (in MW).
VE Entire feasible region of carryover storage.
VCR
r CR r that is one of the final R CRs. VCR

r ⊆ VE.
V̂CR,VP CRs that could potentially be partitioned further.
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Abbreviations:

BMDN Bayesian mixture density network
CCP Chance-constrained programming
CHP Cascaded hydropower
CI Confidence interval
CR Critical region
DNN Deep neural network
GMM Gaussian mixture model
ICC Individual chance constraint
IPLB Incumbent parametric lower bound
JCC Joint chance constraint
LMWV Locational marginal water value
mp-LP Multi-parametric linear programming
MAE Mean absolute error
MAPE Mean absolute percentage error
MILP Mixed-integer linear programming
NSE Nash–Sutcliffe model efficiency
PGE Portland General Electric
PT Pelton
RB Round butte
RMSE Root mean square error
WI Water inflow

I. INTRODUCTION

A. Background

IN the U.S. electricity grid, hydropower fleets are valued
as one of the golden assets because of their rapid respon-

siveness and environmental benefits. Among these hydropower
technologies, cascaded hydropower (CHP) stands out for its
remarkable efficiency [1].

To manage CHP operations, CHP operators need to co-
ordinate hierarchical decision-making tasks across multiple
timescales, including the short-term scheduling problem to
determine hydropower generation plans and the medium-term
planning problem to provide water usage guidance for short-
term operations. The authors’ previous work [2] presents a
decision-making framework for short-term CHP scheduling.
In comparison, this paper focuses on the medium-term CHP
planning problem to determine proper carryover storage values
for guiding short-term scheduling [3]. As shown in Fig. 1,
the medium-term planning horizon covers a current period
that focuses on the scheduling of upcoming T weeks, and
a subsequent future period that looks ahead to L weeks
immediately following the current period. In this paper, the
hydropower generation during the current period is referred to
as immediate benefit, while the hydropower generation that the
carryover storage can deliver in the future period is referred
to as the future value. The medium-term planning aims to
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…
Week 1 Week "

Future Period

…
Week " + 1 Week " + $

%!,#: Storage at
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of Week 1
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%!%&:
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Storage
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Fig. 1. Illustration of medium-term CHP planning.

determine an optimal carryover storage level V cs
n , i.e., the

remaining water volume in reservoir n at the end of the current
period, that can maximize the total immediate benefit and
future value by balancing how much water to use in the current
period versus how much to hold for future use.

Indeed, one critical issue is how to properly quantify the
future value in the medium-term CHP planning problems.
Specifically, overestimating the future value (i.e., overestimat-
ing the hydropower generation (in MWh) that per unit of
stored water can deliver in the future period) would lead to
excessive carryover storage, potentially causing unnecessary
water spillage in the future; conversely, underestimating the
future value may result in insufficient carryover storage, po-
tentially causing hydropower supply shortages in the future.

For instance, in 1983, the operators of Glen Canyon Dam in
Arizona overestimated the future value, leading to excessively
high carryover storage. With this high carryover storage and
an unexpectedly large water inflow (WI) that occurred in
the spring of 1984, the operators were forced to spill exces-
sive water to prevent overtopping. This action caused severe
spillway erosion and significant water waste [4]. As another
example, in 2021, an underestimation of the future value led to
excessive water usage from Shasta Dam in California during
the current period. This mismanagement resulted in critically
low reservoir storage later in the year, severely affecting the
dam’s power supply to Northern California [5].

More recently, the National Integrated Drought Information
System reported that, as of mid-2024, over 24% of Oregon
experienced precarious WI conditions [6]. Such conditions
pose significant challenges to hydropower systems, including
the CHP operated by Portland General Electric (PGE), under-
scoring the need for a more delicate quantification of future
value to effectively manage water usage over the medium-
term horizon. To this end, this paper is dedicated to the
following question from the perspective of CHP operators:
How can the future value of CHP carryover storage be
properly quantified in an interpretable, hydrological adaptive,
and easy-to-use manner? By properly determining how much
hydropower the carryover storage can deliver in the future
period, the medium-term CHP planning problem can yield
more informed carryover storage decisions, as demonstrated
through numerical simulations on PGE’s CHP system.

B. Literature Review

The core of quantifying future value is a concept called
locational marginal water value (LMWV) [7], representing
hydropower (in MWh) that a reservoir can produce with
one incremental unit of stored water. The term “locational”
emphasizes the different effects of individual reservoirs. To
ensure the proper deployment of LMWV in the medium-term
planning problem, significant efforts have been made, which
can be broadly categorized into three types of methods:

i) The first type of method uses rule-of-thumb approaches
to calculate LMWVs [8]–[10]. For example, reference
[8] employs a heuristic rule to calculate LMWVs as a
weighted sum of recent electricity prices via stochasti-
cally generated utility coefficients. With this, the future
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value can be calculated as a linear function, i.e., the
product of constant LMWV and carryover storage vari-
able, in the medium-term planning problem. Although
intuitive and easy-to-use, the constant LMWVs suffer
from three issues. First, they are heavily experience-
dependent, which may differ significantly across experts.
Second, LMWVs should vary against dynamic hydrolog-
ical factors but are ignored in the constant method; for
instance, near-full carryover storage reduces the urgency
to conserve water and shall be associated with small
LMWVs, while lower future WIs make storage more
critical for future use and shall be accompanied with large
LMWVs. Last, these LMWVs are generally inferred from
historical patterns, making them less adaptable to rare or
precarious WI conditions;

ii) The second type of method, e.g., [11]–[13], trains data-
driven models to predict LMWVs. This method can learn
the complex and dynamic relationship between LMWVs
and hydrological factors. However, the training process
often involves heuristic steps, leading to randomness
and inconsistencies in the trained models. For instance,
even with the same set of data and hyperparameters, the
trained models may still have different parameters across
individual training runs. More importantly, it is difficult
for CHP operators to directly interpret LMWV results
generated by the data-driven method;

iii) The third type of method relies on rigorous mathematical
methodologies (e.g., dual theory). Within this category,
stochastic dynamic programming (SDP) has been shown
to be well-suited for calculating LMWVs [7]. However,
SDP becomes computationally taxing when applied to
multiple reservoirs and/or longer time periods because
it requires discretizing state variables (e.g., reservoir
storage levels). To mitigate computational challenges,
stochastic dual dynamic programming (SDDP) [14] has
been applied in the CHP field [15]–[20]. The SDDP-
based methods are generally built on the definition that,
at a certain level of carryover storage, dual variables of
the water balance constraints represent the corresponding
LMWVs. With this, Benders cuts are constructed to
provide a convex approximation of the future value func-
tion. A notable advantage of these cuts is their physical
interpretability: each one is a linear inequality formed
by LMWVs multiplied by the carryover storage vari-
ables. However, SDP-based methods rely on discretized
approximations, and SDDP-based methods provide only
convex approximations, which cannot precisely capture
the future value surface, especially when inherent non-
convexity (e.g., discontinuities caused by binary variables
indicating hydro unit ON-OFF statuses) is involved.

C. The Proposed Work and Major Contributions

Within the field of medium-term CHP planning, this paper
introduces a quantification framework to address the following
question from the perspective of CHP operators: How can the
future value of CHP carryover storage be properly quantified
in an interpretable, hydrological adaptive, and easy-to-use

manner? The proposed framework comprises the following
three major steps:

i) Building a model to calculate the maximum possible
hydropower generation over the future period using two
key inputs: a) data-driven WI predictions for the future
period, and b) carryover storage at the end of the current
period, which is treated as an unspecified parameter;

ii) Applying a partition-then-extract algorithm to the future
period model from step i), in order to extract a set of
unique LMWV vectors corresponding to different ranges
of carryover storage;

iii) Based on the LMWVs extracted in step ii), a set of
analytical rules is formulated to calculate the future
value. These rules allow CHP operators to quantify future
value in a straightforward (using simple multiplication),
interpretable (grounded in well-established dual theory),
and hydrologically adaptive (accounting for carryover
storage and future WI) way. Moreover, these rules can be
seamlessly integrated into a medium-term CHP planning
model as tractable linear constraints.

In summary, this paper makes the following contributions:
i) A quantification framework, comprising the future pe-

riod model and the partition-then-extract algorithm, is
developed to provide CHP operators with an analytical
alternative for analyzing future value. Compared to rule-
of-thumb (e.g., [8]–[10]) and data-driven (e.g., [11]–[13])
methods, the proposed framework can offer quantification
results with stronger mathematical interpretability;

ii) Compared to SDP-based methods (e.g., [7]) and SDDP-
based methods (e.g., [15]–[20]), the presented partition-
then-extract algorithm offers a distinct advantage that the
derived analytical rules can precisely capture the entire
future value surface. This precise representation provides
CHP operators with comprehensive geometric insights
into the future value;

iii) Numerical simulations based on the PGE’s CHP system
and a modified larger 8-reservoir CHP are thoroughly
conducted and analyzed. The visualization results demon-
strate that the presented framework can assist CHP op-
erators, such as PGE, in improving their current practice
for quantifying future value and improving medium-term
CHP planning.

The rest of the paper is organized as follows: Section II in-
troduces preliminaries; Section III elaborates on the presented
framework; Section IV analyzes the numerical cases on PGE’s
CHE; and Section V concludes this paper.

II. PRELIMINARIES

A. General Formulation of Medium-Term CHP Planning

In general, CHP operators can determine the carryover
storage by solving a medium-term CHP planning problem as in
(1). The objective function (1.1) is to maximize the summation
of the immediate benefit and the future value.

The current period decisions include V cs (the carryover
storage) and Ξ (remaining current period decisions, e.g.,
discharging). Their feasible region X (Ŵ

cp
), bounded by the
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WI prediction Ŵ
cp

of the current period as (1.2), includes
prevalent hydropower scheduling constraints such as storage
limits, discharge limits, and water balance requirements.

The future value function F (·) takes the carryover storage
V cs and the WI prediction Ŵ

fp
of the future period as inputs.

max
V cs,Ξ

Immediate Benefit︷ ︸︸ ︷
A(V cs,Ξ, Ŵ

cp
)+

Future Value︷ ︸︸ ︷
F (V cs, Ŵ

fp
) (1.1)

s.t. V cs,Ξ ∈ X (Ŵ
cp
); (1.2)

B. Benefits of Using the Presented Quantification Framework

Before elaborating on the presented quantification frame-
work, it is worth clarifying why CHP operators do not directly
solve the medium-term planning model (1) to determine the
carryover storage. Indeed, as directly solving (1) requires a
non-trivial scheduling model to explicitly formulate F (·), the
proposed quantification framework presents favorable features
to CHP operators for two major reasons:

• Typical CHP scheduling models calculate hydropower
generation from both carryover storage and future WI.
However, the future value F (·) specifically represents
the portion of hydropower generation contributed solely
by carryover storage. To exactly quantify this exclusive
contribution from the total generation, specific method-
ologies, such as the presented framework, are required;

• The process of using optimization models to calculate
the future value F (·) generally appears as a black box to
CHP operators. Regarding this, a notable advantage of the
presented framework is its clear interpretability rendered
by analytical quantification rules.

III. THE FUTURE VALUE QUANTIFICATION FRAMEWORK

The core of the presented framework is to derive LMWV
vectors, enabling the future value function F (·) to be ex-
pressed in a linear form. The process includes three steps:

• Section III-A: Build a model to calculate the maximum
possible hydropower generation over the future period
with respect to the carryover storage and expected future
WI;

• Section III-B: Derive LMWV vectors from the model
using the partition-then-extract algorithm;

• Section III-C: Use the derived LMWVs to construct a set
of analytical “if-then” rules to express the future value
function.

A. Calculate Maximum Possible Generation in Future Period

1) Build Model (2) to Calculate the Maximum Hydropower
Generation: Model (2) is constructed to calculate the maxi-
mum possible hydropower generation over the future period.
Specifically, model (2) approximates future CHP operations
by aggregating potential operation actions of each reservoir n
into two sequential phases: a non-discharge phase lasting Ln-dis

n

weeks in which reservoir n receives WIs but does not release
water, and a subsequent discharge phase lasting the remaining

Ldis
n weeks (i.e., Ln-dis

n + Ldis
n = L) in which it discharges

water to generate hydropower while continuing receiving WIs.
Model (2) features that operators can jointly optimize how
long and how much water each reservoir n should discharge
to achieve the maximum hydropower generation, with respect
to the uniform discharge rate variable Dni.

max
Ψ

∑
n∈N

∑
i∈In

Ldis
n λPni −

∑
n∈N Cws

n Sn

where Ψ = {D, I,Ln-dis/dis,L∆,P ,S,W∆/i/o} (2.1)
s.t. Ln-dis

n + Ldis
n = L, Ln-dis

n ≥ 0, Ldis
n ≥ 0, ∀n; (2.2)

V m
n ≤ V cs,θ

n +
Ln-dis

v Ŵ fp
n

L +W i
vn −W o

vn, ∀v ∈ {n, N̄n};

V M
n ≥ V cs,θ

n +
Ln-dis

v Ŵ fp
n

L +W i
vn −W o

vn,∀v ∈ {n, N̄n};

W i
vn =

∑
m∈N̄n

(L∆
vm

∑
i∈Im

αDmi), ∀v ∈ {n, N̄n};

W o
vn = L∆

vn

∑
i∈In

αDni, ∀v ∈ {n, N̄n};

L∆
vu = max{0, Ln-dis

v − Ln-dis
u }, ∀v, u ∈ {n, N̄n};


,

∀n; (2.3)

V m
n ≤ V cs,θ

n + Ŵ fp
n +W∆

n +
∑

m∈N̄n
Sm − Sn, ∀n; (2.4)

V M
n ≥ V cs,θ

n + Ŵ fp
n +W∆

n +
∑

m∈N̄n
Sm − Sn, ∀n; (2.5)

W∆
n =

∑
m∈N̄n

(Ldis
m

∑
i∈Im

αDmi)

−Ldis
n

∑
i∈In

αDni, Sn ≥ 0, ∀n; (2.6)

Pni = PRtP(Dni, Ini), Ini ∈ {0, 1}, ∀n, ∀i; (2.7)
Pm
niIni ≤ Pni ≤ PM

niIni, ∀n, ∀i; (2.8)
Dm

niIni ≤ Dni ≤ DM
niIni, ∀n, ∀i; (2.9)

The objective function (2.1) maximizes the hydropower
generation (in MWh) minus water spillage penalization during
the future period. The water spillage variables Sn act as slack
variables to ensure the feasibility of model (2).

Constraint (2.2) indicates that each reservoir involves one
non-discharge phase and one discharge phase. As individual
reservoirs would start discharging asynchronously, a group of
constraints, as described in (2.3), is designed to describe the
storage limit of each reservoir n over the L weeks. The logic
is that a phase switch (from non-discharge to discharge) for
any reservoir triggers a storage limit check.

In (2.3), the first and second inequalities enforce the storage
limits; the third equation calculates the WI from the direct
upstream reservoirs to reservoir n during L∆

vm (i.e., W i
vn); the

fourth equation calculates the water outflow from reservoir n
during L∆

vn (i.e., W o
vn), where L∆

vu denotes the time difference
by which reservoir v discharges later than reservoir u, as
described in the fifth equation.

Fig. 2 further explains (2.3) using a three-reservoir example,
where reservoirs a and b are direct upstream of reservoir n.
The storage limit is checked when each of the reservoirs a,
b, and n begins discharging. When a begins discharging, b
and n have discharged for (Ln-dis

a −Ln-dis
b ) and (Ln-dis

a −Ln-dis
n )

weeks, respectively; when b begins discharging, neither a nor
n has discharged; when n begins discharging, a has not yet
discharged, while b has discharged for (Ln-dis

n −Ln-dis
b ) weeks.

Constraints (2.4)-(2.6) further enforce storage limits at the
end of future period; constraint (2.7) describes the relationship
between discharge rate and hydropower generation via a piece-
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Fig. 2. A demonstration of constraint (2.3).

wise linearized formulation; constraints (2.8) and (2.9) limit
the discharge rate and hydropower generation level.

Remark: Three specific settings of model (2) deserve further
explanation and justification.

i) The objective function (2.1) maximizes the total hy-
dropower generation. In existing medium-term hy-
dropower planning works, objective functions broadly fall
into three categories: maximizing hydropower generation
[11], maximizing operating profit based on forecasted
market prices [15], and minimizing operating costs [21].
This work adopts the first category to form the medium-
term planning objective function (2.1). This choice aligns
with the fact that many hydropower operators lack reli-
able medium-term market price forecasting tools while
the operating costs of their hydropower units are usually
relatively low. Therefore, it is reasonable to prioritize total
generation in their medium-term planning.

ii) For each reservoir n, all non-discharge actions are aggre-
gated into a single phase lasting Ln-dis

n weeks, followed
by one aggregated discharge phase lasting Ldis

n weeks.
Due to the need to balance technical details and compu-
tational tractability in medium-term planning problems,
aggregation has been adopted in seminal hydropower
studies [22] and remains a focus in more recent works
[16]. Similarly, model (2), whose full-model counterpart
without aggregation is (13) in Appendix A, aggregates
all discharge actions into a single phase. To explain this
aggregation strategy, we consider a reservoir with the
most efficient discharging rate of X m3/s for hydropower
generation and operated over three sequential periods:
period A with 50 Mm3 discharge, period B with 70 Mm3

charge and then 30 Mm3 discharge, and period C with
15 Mm3 discharge. The maximum possible generation
occurs when the reservoir discharges at the rate of X m3/s
in all three periods. Because these discharge actions share
the same rate, they can be aggregated into a single dis-
charge phase, during which the total volume of (50 + 30 +
15) Mm3 is discharged at the rate of X m3/s. Moreover,
because discharging all stored water by the end would
achieve the maximum generation, we adopt a “charge-
first, then-discharge” structure. Using the aggregation can
free model (2) from relying on the time-step index.
Thus, the model can scale to lengthy future periods (i.e.,
larger L) without inflating the model size. Meanwhile,

Output
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Fig. 3. Comparison of DNN and BMDN.

constraint (2.3) preserves essential time-related details
(e.g., discharge delays between connected reservoirs) so
that the resulting discrepancies remain acceptable (about
2% for the PGE case). Further discussion on the impact
of aggregation is provided in Appendix A.

iii) Model (2) adopts the deterministic WI prediction Ŵ fp
n .

There are two main reasons for adopting a determin-
istic prediction in model (2). First, there is a trade-off
between thoroughly representing prediction uncertainties
and effectively deriving a straightforward future value
function. Incorporating stochastic scenarios or uncertainty
sets would significantly complicate this function, making
it more difficult to derive and interpret, while keeping
a deterministic form of model (2) can significantly ease
the derivation process. Second, the derived future value
function offers a strategic medium-term reference with
balanced immediate hydropower generation and potential
future gains to guide short-term operations. With this,
model (2) and its resulting future value quantification
F (V cs,θ

n ) can be properly built based on a broad indica-
tion of future hydrological conditions (e.g., whether the
period is wetter or drier). Thus, adopting a deterministic
setting for model (2) can preserve tractability and inter-
operability in deriving the future value function without
overly compromising planning effectiveness.

In model (2), two issues need to be further tackled: deriving
the WI predictions used in (2.4)-(2.5) and handling the bilinear
terms in (2.1), (2.3), and (2.6).

2) Derive WI Predictions for Model (2): Various data-
driven predictors can be used to generate WI forecasts for
model (2). This paper selects the Bayesian mixture density
network (BMDN) [23] because it offers high predictive ac-
curacy and considerable flexibility for uncertainty modeling.
Fig. 3 compares BMDN with the conventional deep neural
network (DNN), highlighting two key advantages:

i) Treatment of Network Weight Parameters: The conven-
tional DNN idealistically assumes that the training dataset
is perfect; therefore, its weight parameters are determin-
istic scalars. In contrast, the BMDN uses distribution-
based weight parameters to account for the unavoidable
imperfections of the dataset. As a result, BMDN often
achieves higher predictive accuracy than DNN;

ii) Form of Predictions: The DNN only provides point
forecasts, which suffice the need of model (2) but
are inadequate for the current-period model (1.2) that
considers stochastic WIs. As compared, BMDN offers
Gaussian mixture model (GMM)-based predictions that
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include both expected outcomes (as mean vectors) and
potential variations (as covariance matrices). This versa-
tile prediction enables the flexibility of adopting various
optimization methods to manage uncertainties. For ex-
ample, its affine invariance property can be leveraged
to derive uncertainty quantiles for efficiently handling
chance-constrained programming (CCP) models.

The WI predictions provided by BMDN can be expressed
as (3), a (T + L)-dimensional GMM corresponding to the
(T + L) weeks of the planning horizon. GMM (3) is a
linear combination of G Gaussian distribution components.
For each component g, βg denotes its weight; ϕ(·) and Φ(·) are
the probability density and cumulative distribution functions,
respectively; µg is the mean vector, playing the role similar to
point predictions; Σg is the covariance matrix, informing the
aleatoric uncertainty. In (3), βg , µg , and Σg are the prediction
results, while G is a pre-determined parameter.

PDF(ξ) =
∑G

g=1 βg × ϕ(ξ|µg,Σg);

CDF(ξ) =
∑G

g=1 βg × Φ(ξ);

βg ≥ 0,
∑G

g=1 βg = 1;

µg ∈ R(T+L),Σg ∈ R(T+L)×(T+L), g = 1, ..., G;

 (3)

It is noteworthy that GMM inherits the affine invariance
of Gaussian distribution [24]. By leveraging this property, the
prediction in (2.3)-(2.5) can be calculated following (4).

Ŵ fp
n =

∑G
g=1 βn,g

∑T+L
k=T+1 µn,g,k,∀n; (4)

3) Convert Model (2) into Mixed-Integer Linear Program-
ming: Model (2) is a mixed-integer nonlinear programming
model with bilinear terms of two continuous variables in (2.1),
(2.3), and (2.6). To this end, the binary expansion method
[20] is applied to represent Ldis

n via the linear approximation
(5) with auxiliary variables Ĺdis

nd. Note that ⌊·⌋ is the floor
function. Parameter ω can be properly tuned to achieve the
trade-off between approximation accuracy and computational
complexity [20], [25].

Ldis
n = L× (1− ω)×

∑⌊log2
1

1−ω ⌋+1

d=1 2d−1Ĺdis
n,d,∀n; (5.1)

Ĺdis
n,d ∈ {0, 1}, ∀n, ∀d ∈ {1, · · · , ⌊log2 1

1−ω ⌋+ 1}; (5.2)

After using the binary expansion, bilinear terms in (2.1),
(2.3), and (2.6) become products of binary and continuous
variables that can be linearized via the big-M method. Thus,
model (2) can be reformulated as a more tractable mixed-
integer linear programming (MILP) problem whose compact
form is (6). Here, c, d, A, E, b, and F are constant vectors
and matrices determined via (2), (4), and (5).

max
x,y

c⊤x+ d⊤y (6.1)

s.t. Ax+Ey ≤ b+ FV cs,θ; (6.2)
x ∈ Rp

+, y ∈ {0, 1}q; (6.3)

With specified parameter V cs,θ and given WI predictions,
the maximum possible hydropower generation over the future
period can be determined by solving (6). With this, the LMWV
and future value can be formally defined.
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Fig. 4. A partition-then-extract illustration with N = 2 and R = 5.

Definition 1: The LMWV of reservoir n represents the
increase in objective (6.1) caused by an additional 1 Mm3

of water in reservoir n. As model (6) will use all stored water
by the end of the future period, the LMWV of reservoir n
corresponds to the dual variable of the nth constraint (2.4).

Definition 2: The future value of carryover storage V cs is
defined as its exclusive contribution to the objective (6.1),
calculated by

∑N
n=1 LMWVn × (V cs

n − V m
n ).

B. Use Partition-then-Extract Algorithm to Calculate LMWVs

Given Definitions 1 and 2, it is clear that identifying the
LMWV is key to quantifying the future value. However,
identifying the LMWV is intractable as it depends on both
the active set of constraints and the binary variable solutions
in model (6), both of which vary with specified V cs,θ val-
ues. Therefore, this paper draws the idea of multi-parametric
mixed-integer linear programming (mp-MILP) [26] and treats
V cs,θ as a parameter vector. Consequently, a partition-then-
extract algorithm is applied to (6) for calculating LMWVs.

Fig. 4 illustrates the concept behind the partition-then-
extract algorithm: the entire feasible space of V cs,θ (denoted
as VE = {V cs,θ

n |V m
n ≤ V cs,θ

n ≤ V M
n ,∀n ∈ N} and represented

by the blue area) is partitioned into R critical regions (CRs)
VCR
r for r = 1, ..., R. Each VCR

r is associated with a unique
optimal binary solution (denoted as y⋆

r) and a unique LMWV
vector (denoted as πr), as explained in Definition 3.

Definition 3: In mp-MILP, a CR is a polyhedral subspace
of the parameter space where the active set of constraints and
the values of the binary variables remain unchanged [27]. The
parameter space VE can be partitioned into R critical regions
satisfying exhaustiveness (∪R

r=1VCR
r = VE) and disjointness

(VCR
r ∩ VCR

h = ∅ for r ̸= h).
The partition-then-extract algorithm, as detailed in Al-

gorithm 1, involves three main steps: (i) solving a multi-
parametric linear programming (mp-LP) problem (7) with a
given binary solution to partition a certain carryover storage
space into multiple CRs [28]; (ii) solving an MILP problem
(9) to explore better binary solutions for a given CR; and (iii)
solving a dual problem (10) to calculate the LMWV vector
for each CR. The algorithm iterates between steps (i) and (ii)
to explore all CRs of the entire parameter space VE, and then
uses step (iii) to calculate LMWVs for each of the final CRs.

1) Partition A Given Carryover Storage Space into Multi-
ple CRs: The mp-LP problem with a given binary variable
solution ȳ is formulated as (7). Note that ȳ is initiated via a
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Algorithm 1: Partition-then-Extract Algorithm
Input:
VE: the entire parameter space, ȳini: an initial binary solution to (6).

Output:
L = {[VCR

1 ,π1], ..., [VCR
R ,πR]}: set of CR and LMWV tuples.

Initialization:
Initialize the ordered set D = {[VE,−∞, ȳini]}. The three elements
in each tuple of D are a CR, its best lower bound (i.e., IPLB), and
a set of binary solutions that have been explored for this CR.
Initialize an empty set L to record final CR and LMWV tuples.

while D ≠ ∅ do
Select the first tuple in D, denoted as [V̂CR, ẑ(V cs,θ)LB, B̂],

and remove this tuple from D;
Solve (9) with respect to [V̂CR, ẑ(V cs,θ)LB, B̂];

if (9) has an optimal solution (better binary solutions exist) then
Add the optimal binary solution of (9), denoted as y⋆,

to the end of ordered set B̂;
Fix ȳ of (7) as y⋆; Fix VP of (7.3) as V̂CR;

Partition V̂CR:
Solve mp-LP (7), which partitions V̂CR into C CRs

denoted as V̂CR
1 , ..., V̂CR

C , together with their incumbent
parametric lower bounds ẑ(V cs)LB

1 , ..., ẑ(V cs)LB
C ;

Create C ordered sets B̂1, ..., B̂C , and initialize each of
them as B̂;

Add the C tuples [V̂CR
h , ẑ(V cs)LB

h , B̂h] for
h = {1, ..., C} to the end of ordered set D;

else if (9) is infeasible (no better binary solution exists) then
Identify V̂CR as a final CR, re-denoted as VCR

r ;
Fix y⋆

r of (10.1) as the last element in ordered set B̂;
Fix V̂

cs
r of (10.1) as an arbitrary point in VCR

r ;
Calculate LMWVs:

Solve the LP problem (10) to calculate the LMWV
vector for VCR

r , denoted as πr ;
Create a new tuple [VCR

r , πr] and add it to set L;
end

end

feasible binary solution and then is iteratively improved via
solving (9) in Section III-B2.

J(V cs,θ) = max
x

c⊤x+ d⊤ȳ (7.1)

s.t. Ax+Eȳ ≤ b+ FV cs,θ; (7.2)

x ∈ Rp
+; V

cs,θ ∈ VP; (7.3)

Solving mp-LP (7) will partition space VP into C CRs1,
denoted as V̂CR

h for h = {1, ..., C}. Each V̂CR
h is a polytope

described via Oh linear inequalities (8), where e and f are
constant vectors and scalars.

V̂CR
h = {V cs,θ | e⊤h,oV

cs,θ + fh,o ≤ 0, o = 1, ..., Oh} (8)

Solving (7) also provides incumbent parametric lower
bounds (IPLB), ẑ(V cs,θ)LB

h , which will be used in model (9)
of Section III-B2 to explore better binary solutions for V̂CR

h .
2) Explore Better Binary Solutions for Each Given CR:

For a given CR V̂CR, together with its IPLB ẑ(V cs,θ)LB and an
ordered set of binary solutions B̂ that have been obtained, the
exploration problem is constructed as (9). It uses a bounding
cut (9.3) and an integer cut (9.4) to search for better binary
solutions. In (9.3), threshold ϱ is a sufficiently small positive
constant. In (9.4), sets Ib = (j|ȳb,j = 1) and Ob = (j|ȳb,j =
0) are built on each of explored solutions b ∈ B̂. If (9) is

1This paper uses the comparison procedure from [29] to handle potential
degeneracy when solving mp-LP (7). When finalizing each CR, redundant
constraints are further removed according to the approach described in [30].

feasible, it delivers a better binary solution for V̂CR, which is
then added to B̂ and fed back into (7) for further partitioning
V̂CR; otherwise, V̂CR is one of the final R CRs (denoted as
VCR
r ) that does not require further partition, and its best binary

solution, denoted as y⋆
r , is the last record in B̂.

max
x,y,V cs

c⊤x+ d⊤y (9.1)

s.t. Ax+Ey ≤ b+ FV cs, x ∈ Rp
+, y ∈ {0, 1}q; (9.2)

c⊤x+ d⊤y ≥ ẑ(V cs,θ)LB + ϱ; (9.3)∑
j∈Ib yb,j −

∑
j∈Ob

yb,j ≤ |Ib| − 1,∀b ∈ B̃; (9.4)

V cs ∈ V̂CR; (9.5)

3) Calculate LMWVs for a Final CR: For each VCR
r , model

(10) is solved to calculate its LMWV vector πr.

min
φ

(b+ F V̂
cs
r −Ey⋆

r)
⊤φ (10.1)

s.t. A⊤φ ≥ c, φ ∈ Rd
+; (10.2)

Model (10) is an LP problem built based on (6) via three
steps: i) fix binary variables y in (6) as y⋆

r (obtained in Section
III-B2 by solving (9)) to convert (6) into an LP problem with
parameter V cs,θ; ii) set V cs,θ as an arbitrary point (denoted
as V̂

cs
r ) within VCR

r , resulting in a standard LP model; and iii)
dualize the LP from step ii) to build model (10).

Based on Definitions 1 and 3, LMWVs πrn of reservoir n
under carryover storage levels within VCR

r are the optimal φ
corresponding to (2.4) for reservoir n.

C. Construct Analytical Quantification Rules of Future Value

The partition-then-extract algorithm ultimately yields R
LMWV vectors π1, ...,πR corresponding to the R final CRs
VCR
1 , ...,VCR

R . According to Definition 2, the future value of
carryover storage V cs under the predicted WI Ŵ

fp
can be

calculated via the following “if-then” rules (11).

F (V cs)=


∑N

n=1 π1,n(V
cs
n − V m

n ) if V cs∈VCR
1 ;

...∑N
n=1 πR,n(V

cs
n − V m

n ) if V cs∈VCR
R ;

(11)

The “if-then” rules (11) offers three advantages:

i) Interpretable. It can be interpreted as that if the carry-
over storage V cs = [V cs

1 , ..., V cs
n , ..., V cs

N ]⊤ falls within
region VCR

r , then the LMWV vector will be πr =
[πr,1, ..., πr,n, ..., πr,N ]⊤ and the corresponding future
value can be quantified as

∑N
n=1 πr,n(V

cs
n − V m

n );
ii) Hydrologically adaptive. The calculation of LMWVs ex-

plicitly considers the WI predictions, thus being adaptive
to future hydrological conditions. Specifically, LMWVs
are low/high if future WIs are sufficient/insufficient. This
fact will be further illustrated in the case studies in
Section IV-E;

iii) Easy-to-use. By introducing R binary variables Zr and
a sufficiently large constant M , rule (11) can be con-
verted into linear constraints (12), which can be directly
embedded into the medium-term planning model (1) to
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Deschutes River

Metolius River

Crooked River

!"!"

Round Butte Reservoir
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Pelton Units
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38/10126/361
36/10126/362
36/10123/373

Fig. 5. Illustration of PGE’s Pelton-Round Butte CHP.

analytically represent the abstract future value function
F (·) in (1.1).

F (V cs) =
∑R

r=1 Zr

∑N
n=1 πr,n(V

cs
n − V m

n ); (12.1)∑R
r=1 Zr = 1;Zr ∈ {0, 1},∀r; (12.2)
e⊤r,1V

cs + fr,1 ≤ M(1− Zr), ∀r;
...

e⊤r,Or
V cs + fr,Or ≤ M(1− Zr), ∀r;

(12.3)

IV. CASE STUDIES ON THE PGE SYSTEM

A. Pelton-Round Butte CHP of PGE: A Glance

PGE is an active participant in the Western U.S. electricity
grid. This section uses one of PGE’s CHPs to illustrate the
effectiveness of the proposed study. As shown in Fig. 5,
the selected CHP comprises three reservoirs, including the
upstream Round Butte (RB), the middle Pelton (PT), and
the downstream PT-Reregulation. The system receives natural
WIs through the RB reservoir, mainly from three upstream
branches: Crooked River, Deschutes River, and Metolius River.

According to the PGE operation manual, the PT-
Reregulation reservoir was originally designed to maintain
the natural WI of the Deschutes River rather than generate
hydropower. Consequently, only the RB and PT reservoirs
are included in the scheduling process. Each of these two
reservoirs contains a powerhouse with three hydropower units.
The water-to-power-conversion curves PRtP(·) for these six
units are quadratic and monotonically increasing, which are
piecewise linearized to form (2.7). Lastly, it is important to
note that because PGE limits the forebay levels within a
narrow range, the water head of the PT-RB CHP remains
relatively stable, allowing PGE to use the same water-to-
power-conversion curves throughout the season.

B. Methods to be Compared

To evaluate the effectiveness of the proposed future value
quantification framework, the “if-then” rules (11) in the form

of linear constraints (12) are embedded in medium-term CHP
planning models to calculate carryover storage for CHPs and
assess its effects on immediate benefit and future value. Specif-
ically, the following three medium-term planning models are
compared via numerical case studies on the PT-RB CHP:

• CCP-BMDN: This method solves a concrete version of
model (1) to determine carryover storage, as detailed
in Appendix B. In the current-period part (1.2), WI
uncertainties are managed via CCP2 with GMM-based
predictions (from BMDN presented in Section III-A2).
The future value function F (·) uses the one derived by
the presented quantification framework;

• DET-EF: This method, as detailed in Appendix C, solves
a concrete counterpart of model (1) using error-free
WI point predictions from PGE’s dataset. These perfect
predictions are applied to the current-period formulation
(1.2) and to the presented quantification framework. Es-
sentially, DET-EF is an ideal deterministic variant of
CCP-BMDN, serving as a benchmark to show the impact
of prediction quality on the quantification framework;

• PGE-P: This represents PGE’s current practice that fol-
lows an experience-based and seasonally adaptive policy.
Specifically, RB and PT reservoirs are heavily discharged
from November to January (wetter seasons) and then
gradually refilled from February to April (transition sea-
sons) to ensure sufficient storage by May, preparing for
drier seasons (May to October). PGE may adjust this pol-
icy using rule-of-thumb approaches and WI predictions
from the Northwest River Forecast Center. The results
are based on PGE’s historical operation records.

Fig. 6 illustrates the process of determining and evaluating
carryover storage via CCP-BMDN and DET-EF. For each
medium-term planning simulation run that covers a time span
of T -week current period and L-week future period, LMWVs
are calculated via the quantification framework (2) covering
the L-week future period, which are then used to build future
value function F (·) for CCP-BMDN and DET-EF to calculate
the target carryover storage level V cs

n at the end of week T .
After that, the short-term scheduling model (20) covering the
T -week current period is executed, using the target carryover
storage level V cs

n as the right-hand-side parameter in constraint
(20.5) and incorporating the realized WI W̃nt. The hydropower
generation derived by the objective function (20.1) represents
the immediate benefit induced by the target carryover storage
V cs
n , quantifying its effects in guiding short-term operations.

The process then advances in an increment of T weeks to the
next medium-term planning simulation run.

As the PT–RB CHP can be fully drained down to its storage
lower limit or recharged to its storage upper limit within
one month, its medium-term planning horizon is typically set
as 8 to 16 weeks in practice. Accordingly, this paper sets
T = 4 to allow the simulation to proceed on a monthly basis.
A sensitivity study on the future period length L ranging
from L = 4 to L = 12 is conducted. Consequently, the

2CCP is selected due to its great compatibility with GMM-based WI
forecasts [24], which can significantly streamline the simulation process.
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Determining Carryover Storage via Different Approaches
CCP-BMDN

Actual Hydropower Generation over Current Period (Weeks 1⋯#)

Solve Scheduling Model (20) for the Current Period
(End-of-Current-Period Storage is Fixed as $!"#$ and $%&#$)

Decisions of Carryover Storage ($!"#$ and $%&#$)

BMDN-based Predictor PGE Dataset

CCP-based
Model for

Current Period

Presented 
Model (2) for
Future Period

Deterministic
Model for

Current Period

Presented
Model (2) for
Future Period

GMM-based WI Predictions
Weeks
1⋯#

Weeks
# + 1⋯# + (

Error-Free WI Predictions
Weeks
1⋯#

Weeks
# + 1⋯# + (

Medium-Term Planning Model
for CCP-BMDN (15)

Medium-Term Planning Model
for DET-EF (See Appendix C)

“If-Then”
Rules (11)

“If-Then”
Rules (11)

DET-EF

Evaluating Carryover Storage 

Fig. 6. Flowchart of determining and evaluating the carryover storage.

TABLE I
HYPERPARAMETER SETTING BASED ON CROSS VALIDATION

DNN BMDN

Activation Type sigmoid sigmoid
Loss Function MSE Negative Log-Likelihood
Structure of Hidden Layers [4, 4] [4, 4]
Number of Gaussian Components - 2

BMDN produces (4 + L)-dimensional WI predictions, with
each dimension corresponding to a weekly WI volume.

C. Experimental Settings

LP and MILP problems are solved via Gurobi 10.0, while
mp-LP problems (7) are solved following [31]. All cases are
conducted on a 2.4GHz PC. BMDN is executed on TensorFlow
2.13. In each prediction run, BMDN is sampled K times,
generating K GMM-based WI predictions (3); their standard
deviation vectors σ are calculated, and the GMM with the
smallest ∥σ∥1 is selected as the final WI predictions. Other
details are available in our BMDN implementation codes [32].

A PGE dataset spanning from 01/01/2010 to 12/31/2018
is used. It consists of i) temperature and discharge rates of
the three upstream rivers (input features of BMDN), ii) El
Niño indicators (input features of BMDN), iii) actual WI
realizations (output labels of BMDN), and iv) the actual
hydropower generation of the CHP. The data from 01/01/2010
to 12/31/2017 are used for training and validating the BMDN,
while the remaining 2018 data are for out-of-sample testing.

D. Water Inflow Predictions

As WI predictions are needed for both the quantification
framework (i.e., Ŵ

fp
) and the CCP-BMDN model (for de-

riving chance constraints), this subsection first analyzes WI

TABLE II
STATISTICAL COMPARISON OF WATER INFLOW PREDICTIONS

Predictor MAE/Mm3 MAPE RMSE/Mm3 NSE

DNN 7.06 11.17% 8.19 0.18
BMDN-2 8.29 18.74% 9.44 0.07
BMDN-20 4.67 7.51% 5.77 0.37

Drier
Season

(May to Oct.)

Transition
Season

(Feb. to Apr.)

Index of Predictions

(a). The 52 predictions for week 1 (i.e., the first week in the planning horizon).

(b). Predictions for a period with peak WI.  
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Fig. 7. Comparison of predictions. The prediction rolls forward weekly. Each
prediction result covers the next 8 weeks.

predictions provided by BMDN as presented in Section III-A2,
using DNN as a benchmark. Table I lists the major hyperpa-
rameters of BMDN and DNN. This subsection sets L = 4.

Table II lists the prediction performance assessed by four
metrics: mean absolute error (MAE), mean absolute percent-
age error (MAPE), root mean square error (RMSE), and
Nash–Sutcliffe model efficiency (NSE). BMDNs with dif-
ferent K settings are tested, and BMDN-2 and BMDN-20
are reported in Table II, respectively referring to BMDNs
with K = 2 and 20. Across all four metrics, BMDN-2
performs worse than DNN, but BMDN-20 outperforms DNN.
Indeed, our extensive experiments indicate that the overall
performance of BMDN gradually surpasses DNN once K
exceeds 5. This means that the way BMDN handles epistemic
uncertainty—sampling from its distribution-based network and
selecting the result with the smallest ∥σ∥1 (i.e., the most
confident)—can effectively enhance its prediction. MAE and
MAPE results show that both BMDN-20 and DNN can offer
good accuracy, while BMDN-20 is slightly better. Moreover,
the RMSE results indicate that larger deviations between pre-
dictions and WI realizations occur less frequently in BMDN-
20, meaning that BMDN-20 offers better stability. Finally, the
NSE results indicate that BMDN-20 exhibits better predictive
skills. Hereafter, BMDN-20 is used by default.

Fig. 7 sketches the prediction results of BMDN compared
to actual WI realizations, with 95% confidence intervals (CI)
to reflect aleatoric uncertainty. Fig. 7(a) compares week 1 WI
forecasts from 52 T + L rolling prediction runs along the
planning horizon, showing that i) BMDN’s CIs can cover 51
out of 52 WI realizations; and ii) CIs in drier seasons are
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Fig. 8. Actual hydropower generation (lines) and carryover storage (bars).

narrower than wetter seasons with more volatile hydrological
conditions. Fig. 7(b) shows WI forecasts from one T +L WI
prediction run, where nearer weeks generally have a narrower
CI, forming a trumpet-shaped blue area. These observations
imply that BMDN is more confident in delivering more
accurate WI predictions for nearer weeks and in drier seasons.

E. Carryover Storage and LMWV-Based Future Value

1) Analysis of Carryover Storage Results: Fig. 8 compares
the monthly hydropower generation and carryover storage
(V cs

RB + V cs
PT) over 2018 with L = 4. According to the PGE

dataset, the storage of the RB and PT at the end of 12/31/2017
was respectively 319.53 Mm3 and 2.85 Mm3. Regarding the
monthly generation, the blue lines show that CCP-BMDN is
comparable to DET-EF and outperforms the practical PGE-P.
Indeed, the total hydropower generation in 2018 for CCP-
BMDN, DET-EF, and PGE-P is 1,311.81 GWh, 1,303.05
GWh, and 1,201.22 GWh—CCP-BMDN is 0.67% higher than
DET-EF and 9.21% higher than PGE-P.

Moreover, the red bars illustrate that the carryover storage
from CCP-BMDN is slightly lower than those of DET-EF and
PGE-P. Nevertheless, our experimental results indicate that the
carryover storage plans of CCP-BMDN do not trigger any
violations of hydropower unit operations. Additionally, it is
noteworthy that the average daily generation of DET-EF, which
uses error-free predictions, is 0.024 GWh lower than that of
CCP-BMDN. This difference arises because BMDN tends to
slightly overestimate WI realizations, as shown in Fig. 7(a),
resulting in a lower future value for the same carryover storage
in CCP-BMDN compared to DET-EF. Consequently, CCP-
BMDN discharges more water than DET-EF.

Summing the total generation in 2018 and the future value at
the end of December 2018, CCP-BMDN, DET-EF, and PGE-P
respectively achieve 1,333.8 GWh, 1,334.2 GWh, and 1,226.1
GWh. That is, CCP-BMDN and DET-EF outperform PGE-P
by 8.28% and 8.82%, respectively.

Fig. 8 also shows that CCP-BMDN and PGE-P exhibit
similar seasonal trends in generation and carryover storage:
generation gradually decreases while carryover storage in-
creases from January to September, then generation rises
while carryover storage declines for the rest of the year. This
similarity implies that CCP-BMDN is as seasonally adaptable
as the experience-based PGE-P. These results indicate that
CCP-BMDN tends to suitably lower carryover storage to boost
generation; despite this, the physical operation constraints can
still be guaranteed due to the consideration of uncertainties.
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Fig. 9. Sum of the actual hydropower generation and evaluated future value.

Fig. 9(a) compares the future value and generation of
CCP-BMDN and DET-EF. The sum of the actual monthly
generation and evaluated end-of-month future value of CCP-
BMDN is generally smaller than that of DET-EF. This gap is
expected because CCP-BMDN considers uncertainties to bear
with prediction errors. One practical way to narrow this gap
is to tune the look-ahead length L.

To this end, Fig. 9(b) sketches the results for different
values of L, showing that except for February, increasing L
raises the summed actual monthly generation and the evaluated
end-of-month future value. Moreover, our numerical results
indicate that i) regarding the annual generation, L = 4/8/12
leads to 1,303.2/1,310.8/1,304.1 GWh, and ii) regarding the
summed annual generation and end-of-December future value,
L = 4/8/12 leads to 1330.0/1332.1/1333.9 GWh. These
findings suggest that properly extending the look-ahead length
could improve overall hydropower generation.

The exception in February occurs because the setting of
L = 12 extends the future period into May (a drier-
season month), whereas February belongs to the transition
season. Consequently, LMWVs derived under L = 12
(π = [490.44, 147.132]⊤) exceed those under L = 8 (π =
[441.396, 147.132]⊤) and L = 4 (π = [392.352, 98.088]⊤)
which remain fully within the transition season. Finally, the
setting of L = 12 results in relatively low immediate hy-
dropower generation in February. These sensitivity tests imply
that, although a longer planning horizon could potentially en-
hance long-term water usage, this benefit may not universally
apply to all months. In other words, each month has its own
optimal L to ensure the planning horizon properly covers the
representative months of the upcoming water season.

2) Further Analysis of the LMWV-Based Future Value
Quantification: Recall that CCP-BMDN offers seasonal adapt-
ability. In fact, this adaptability stems from the derived
LMWVs, i.e., the monthly average LMWVs ( 1

R

∑R
r=1 πr,n)
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in wetter/drier seasons are lower/higher, as shown in Fig. 10.
For example, LMWV of RB/PT is 417.078/122.670

MWh·Mm-3 in January and increases to 441.612/147.204
MWh·Mm-3 in July. That is, the generation potential of an
incremental unit of water in July is higher than in January. This
observation aligns with PGE’s experience—for drier/wetter
future seasons, LMWVs should be higher/lower because nat-
ural WIs are scarce/abundant. Thus, when using LMWVs to
weigh up the immediate benefit and future value, higher/lower
LMWVs will induce more/less carryover storage, further help-
ing CHPs adapt to upcoming drier/wetter conditions.

Another advantage of the presented LMWV-based quantifi-
cation method is the visualizability of the rules (11), which
can assist operators in understanding carryover storage plans.
Based on the results of August 2018, Fig. 11(a) sketches the
relationship between the future value and the carryover storage
as a 3-D surface, and the corresponding partition results and
the cross-section view are shown in Fig. 11(b) and Fig. 11(c),
respectively. The following six points are noteworthy:
a). The future value surface presented in Fig. 11(a) is

complete. This is because the “if-then” rule (11) fully
covers all possible values of carryover storage vari-
ables [V cs

RB, V
cs

PT]
⊤ within their feasible regions. In con-

trast, SDP-based methods (e.g., [7]) must discretize
[V cs

RB, V
cs

PT]
⊤, which inevitably results in certain informa-

tion loss in the obtained future value surface;
b). Figs. 11(a) and 11(b) show that the feasible region of

carryover storage is partitioned into 4 CRs. Each CR is
associated with a LMWV vector πr = [πr,RB, πr,PT]

⊤;
c). Fig. 11(a) shows that the future value of Point A within

VCR
1 is 0 MWh because its carryover storage is at the

lower bound of the storage range;
d). Fig. 11(b) shows that the boundaries of CRs are vertical,

indicating that the partition is mainly driven by V cs
RB.

Moreover, it is noteworthy that πr,PT are lower than πr,RB,
as also shown in Fig. 10. This is because RB, as a
larger reservoir on the upstream, has a higher hydropower
generation efficiency; in addition, the upstream water
can be re-used in the downstream PT for hydropower
generation. Thus, the carryover storage of RB presents a
dominating effect on the partition results;

e). Figs. 11(a) and 11(c) show that the surface extends
upward with πr as the gradient, and is steeper after
transitioning from VCR

2 to VCR
3 . This transition is due to a

change of binary variable solutions (e.g., some units are
turned on after entering VCR

3 ). The slope becomes steeper
because π3,RB ≥ π2,RB;

(b). Top-down view of the x-y plane.

(c). Cross-section view of the 3-D surface.

(a). The 3-D surface of future value vs. carryover storage.
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Fig. 11. Visualization of the evaluated future value of August 2018.

f). Figs. 11(a) and 11(c) show a downhill transition from VCR
3

to VCR
4 with πr,RB dropping by 98.136 MWh·Mm-3. This

implies that simply increasing carryover storage could
reduce LMWVs, as the most efficient operating condition
occurs in VCR

3 . The CCP-BMDN model captures this
insight well: it identifies Point B as the optimal carryover
storage plan for August, positioned near the highest point
of VCR

3 , so as to prepare the CHP for the dry September;
g). Fig. 11(c) shows that the future value surface is discon-

tinuous: an abrupt jump occurs when transitioning from
VCR

2 to VCR
3 , and a sharp drop appears when moving from

VCR
3 to VCR

4 . These discontinuities arise because model
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TABLE III
RESULTS ON THE 8-RESERVOIR CHP

WI/Mm3 Partition Avg. LMWVs of Reservoirs/102MWh·Mm-3
Time/s

303.37 185.82 [9.36, 6.50, 5.52, 4.58, 3.64, 2.70, 1.80, 0.90]

692.49 14.82 [8.42, 6.17, 5.32, 4.42, 3.52, 2.66, 1.76, 0.90]

Upstream

Downstream

Reservoir 1
3 Units & 369 MW
!!" 338.26 Mm3

!!# 262.45 Mm3

WI Source 2
WI Source 1

WI Source 3

WI Source 4

WI Source 5

WI Source 6

Reservoir 2
2 Units & 108 MW
!$" 3.66 Mm3

!$# 1.30 Mm3

Reservoir 3
2 Units & 110 MW
!%" 3.66 Mm3

!%# 1.30 Mm3

Reservoir 4
2 Units & 111 MW
!&" 3.66 Mm3

!&# 1.30 Mm3

Reservoir 5
2 Units & 109 MW
!'" 3.66 Mm3

!'# 1.30 Mm3

Reservoir 6
2 Units & 107 MW
!(" 3.66 Mm3

!(# 1.30 Mm3
Reservoir 7
2 Units & 104 MW
!)" 3.66 Mm3

!)# 1.30 Mm3

Reservoir 8
2 Units & 106 MW
!*" 3.66 Mm3

!*# 1.30 Mm3

Fig. 12. Illustration of the 8-reservoir CHP.

(2) includes binary variables (e.g., Ini), and each CR
corresponds to a distinct solution of these binary variables
(i.e., y⋆

r in Fig. 4). As the carryover storage V cs,θ transits
from one CR to another, the changes in the binary
solutions lead to discontinuous jumps in the objective
function of model (2). Since the future value evaluated
via LMWVs reflects the changes in the objective value
(2.1) with respect to the carryover storage parameters,
it naturally inherits these discontinuities. Unlike SDDP-
based methods (e.g., [15]–[20]), which rely on convex
hyperplanes and cannot fully capture these non-convex
characteristics, the proposed quantification framework
precisely represents these discontinuities. As a result,
our framework provides CHP operators with a complete
geometric understanding of how the future value changes
across the entire feasible operation region.

Our experiments also indicate that the performance of the
partition-then-extract algorithm varies by season: compared to
drier seasons, partitioning for wetter seasons generally takes
less time and leads to fewer CRs—5.58 seconds vs. 15.01
seconds, and 3 CRs vs. 5 CRs. This is due to the abundant
natural WIs during wetter seasons, which causes near-full
storage throughout the season. As a result, most hydropower
units stay online, and only a few of them will switch their ON-
OFF statuses within the parameter space, leading to fewer CRs
(see Definition 3) and fewer iterations for the algorithm.

F. Applying the Partition-Then-Extract Algorithm on an 8-
Reservoir CHP

A larger system modified from the PT-RB CHP, as shown
in Fig. 12, is further used to assess the scalability of the
presented framework. Two cases are tested: a drier season case
with an expected total WI of 303.37 Mm3 over the 4-week

future period (i.e.,
∑8

n=1

∑T+4
l=T+1 Ŵ

fp
nl = 303.37 Mm3), and a

wetter season case with 692.49 Mm3. Overall, the conclusions
drawn from the PGE case are found to be extendable to this
larger CHP, as highlighted in Table III:

• Computational Time: The partition-then-extract algorithm
is significantly more time-consuming in the drier season
compared to the wetter season (185.82 seconds vs. 14.82
seconds). Additionally, compared to the PGE case, the
partition times for wetter seasons are similar (14.82
seconds vs. 5.58 seconds), but are notably different for
drier seasons (185.82 seconds vs. 15.01 seconds). This
suggests that hydrological conditions could strongly influ-
ence the scalability of the partition-then-extract algorithm
for large-scale CHPs;

• Seasonal LMWV Trend: LMWVs in the wetter season are
slightly lower than those in the drier season, indicating
that the hydrological adaptivity of the algorithm remains
valid;

• Geographic LMWV Trend: LMWVs decrease gradually
from upstream to downstream, implying that water stored
in upstream reservoirs can contribute more significantly
to the future value.

V. CONCLUSIONS

To support medium-term CHP planning decision-making,
this paper presents a framework to quantify the hydropower
generation potential of carryover storage and tests its effec-
tiveness on a CHP operated by PGE. The resulting analytical
quantification rules can be directly integrated into medium-
term CHP planning models as tractable linear constraints,
assisting CHP operators in balancing immediate benefit and fu-
ture value. More importantly, these rules offer straightforward
physical interpretations to aid operators in understanding the
quantification results. Numerical results based on practical data
indicate that deploying the quantification rules in a CCP-based
medium-term CHP planning model can improve hydropower
generation for PGE by 9.21%.

As the presented future-period model only considers a single
deterministic scenario, a possible avenue for future work is
to extend it to a stochastic counterpart that accounts for
future water inflow uncertainties while retaining visualization
advantages. Another promising direction is to further enhance
the scalability of the framework for larger-scale CHPs under
more complex setups, such as additional technical details
(e.g., head dependencies, responses to electricity prices, and
operational characteristics with greater chronological detail
and/or finer time resolution) and operational intricacies (e.g.,
following instructions of independent system operators).

APPENDIX

A. The Impact of Aggregation on Objective Values of (2)

Model (13) describes the full-model counterpart of (2) with-
out aggregation, which preserves the time-step index l. This
subsection compares the objective values of the aggregated
model (2) and the full model (13).
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Fig. 13. Objective value differences caused by the aggregation.

max
Ψ

∑
n∈N

∑
i∈In

∑
l∈L λPnil −

∑
n∈N

∑
l∈L Cws

n Snl

where Ψ = {D, I,P ,S,V ,W∆} (13.1)
s.t. V m

n ≤ Vnl ≤ V M
n , ∀n, ∀l; (13.2)

Vn,l+1 = V cs,θ
n +

∑l
τ=T+1(Ŵnτ +W∆

nτ ), ∀n, ∀l; (13.3)

W∆
nl =

∑
m∈N̄n

(
∑

i∈Im
αDm,i,l−δ + Sm,l−δ)

−
∑

i∈In
αDnil − Snl, Snl ≥ 0, ∀n, ∀l; (13.4)

Pnil = PRtP(Dnil, Inil), Inil ∈ {0, 1}, ∀n, ∀i,∀l; (13.5)
Pm
niInil ≤ Pnil ≤ PM

niInil, ∀n, ∀i,∀l; (13.6)
Dm

niInil ≤ Dnil ≤ DM
niInil, ∀n, ∀i,∀l; (13.7)

The comparison is performed on the PGE CHP case shown
in Fig. 5. In practice, PGE restricts the CHP forebay levels
within a narrow range, inducing the storage ranges of [262.45,
338.26] Mm3 for V cs,θ

1 and [1.30, 3.66] Mm3 for V cs,θ
2 . We

set Ŵ fp
n =

∑L
τ=T+1 Ŵnτ and L = T + 4. A total of 12,500

combinations of
(
V cs,θ
1 , V cs,θ

2

)
is sampled, and the difference

in objective values of (2) and (13) is calculated as (14).
Fig. 13 shows the differences in objective values resulting from
the aggregation. All differences range from 1.0% to 3.5%,
with an average of 2.1%. These tests suggest that although
aggregation slightly increases the objective value, the impact
remains acceptable, considering the computational benefits of
model (2).

Difference =
Obj (2.1) − Obj (13.1)

Obj (13.1)
× 100% (14)

B. The CCP-BMDN Medium-Term CHP Planning Model

The medium-term planning model of CCP-BMDN is for-
mulated as in (15), which is an enhanced counterpart of (1)
that also considers WI prediction uncertainties of the current
period. The superscript ⋄ is used to distinguish current period
variables from future period ones.

The objective function (15.1) is to maximize hydropower
generation during the current and future periods by optimizing
carryover storage. The joint chance constraint (JCC) (15.2)
ensures that storage limits are satisfied with a probability of

at least 1−ϵt under uncertain WIs, while (15.3) calculates the
water volume difference between inflows and outflows. The
delay time δ of WI is set to 0 according to the PGE operation
manual. Each reservoir n is associated with a WI prediction
Ŵ

cp
n provided by BMDN, which is described by the GMM

(3). The tth element of Ŵ
cp
n , denoted as Ŵ cp

nt, corresponds to
the WI prediction for week t [33].

Constraint (15.4) calculates the storage evolution under the
expected WI prediction Ŵ cp,µ

nt , where Ŵ cp,µ
nt is the mean

vectors of the GMM (3); (15.5) limits the storage volume;
(15.6) defines the carryover storage as the storage level at the
beginning of week T + 1 under the expected WI prediction;
(15.7)-(15.9) have the same meaning as (2.7)-(2.9), with
additional consideration of week indices; and (15.10) is the
linear constraints expressing the “if-then” rules (11).

max
Ξ,V cs

∑
n∈N

∑
i∈In

∑
t∈T λP ⋄

nit + F (V cs)

where Ξ = {D⋄
nit, I

⋄
nit, P

⋄
nit, S

⋄
nt, V

⋄
n ,W

∆
nt, Zr} (15.1)

s.t. P
{

V ⋄
n,1 +

∑t
τ=1(Ŵ

cp
nτ +W∆

nτ ) ≤ V M
n ,∀n;

V ⋄
n,1 +

∑t
τ=1(Ŵ

cp
nτ +W∆

nτ ) ≥ V m
n ,∀n;

}
≥ 1− ϵt,

∀t; (15.2)
W∆

nt =
∑

m∈N̄n
(
∑

i∈Im
αD⋄

m,i,t−δ + S⋄
m,t−δ)

−
∑

i∈In
αD⋄

nit − S⋄
nt, S

⋄
nt ≥ 0, ∀n, ∀t; (15.3)

V ⋄
n,t+1 = V ⋄

n,1 +
∑t

τ=1(Ŵ
cp,µ
nτ +W∆

nτ ), ∀n, ∀t; (15.4)

V m
n ≤ V ⋄

nt ≤ V M
n , ∀n, ∀t; (15.5)

V cs
n = V ⋄

n,T+1, ∀n; (15.6)

P ⋄
nit = PRtP(D⋄

nit, I
⋄
nit), I

⋄
nit ∈ {0, 1}, ∀n, ∀i,∀t; (15.7)

Pm
niInit ≤ P ⋄

nit ≤ PM
niInit, ∀n, ∀i,∀t; (15.8)

Dm
niInit ≤ D⋄

nit ≤ DM
niInit, ∀n, ∀i,∀t; (15.9)

Calculation rules of future value: (12); (15.10)

A JCC (15.2) for week t is then converted into deterministic
constraints by the following three steps:

Step 1. For week t, apply Boole’s inequality [34] to split
its JCC (15.2) into 2N individual chance constraints (ICCs)
(16). Each ICC is associated with a probability ϵM

nt or ϵm
nt.

P{V M
n −V ⋄

n,1−
∑t

τ=1 W
∆
nτ ≥

∑t
τ=1Ŵ

cp
nτ}≥ 1−ϵM

nt,∀n;
P{V m

n −V ⋄
n,1−

∑t
τ=1 W

∆
nτ ≤

∑t
τ=1Ŵ

cp
nτ}≥ 1−ϵm

nt, ∀n; (16)

The ICCs (16) are safe approximations to the JCC (15.2)
if

∑N
n=1(ϵ

M
nt + ϵm

nt) ≤ ϵt holds [34]. In this paper, ϵM
nt and

ϵm
nt are set as ϵt/2N; ϵt=1, ϵt=2, ϵt=3, and ϵt=4 are set as

0.010, 0.015, 0.020, and 0.025, respectively, reflecting higher
probability guarantees for more recent weeks. With these, the
2N ICCs (16) can be equivalently reformulated as quantile
constraints (17), in which Qϵt is the ϵt quantile function.

V M
n − V ⋄

n,1 −
∑t

τ=1W
∆
nτ ≥ Q1−(ϵt/2N)(

∑t
τ=1Ŵ

cp
nτ ),∀n;

V m
n − V ⋄

n,1 −
∑t

τ=1W
∆
nτ ≤ Qϵt/2N(

∑t
τ=1Ŵ

cp
nτ ), ∀n; (17)

Step 2. Rewrite
∑t

τ=1 Ŵ
cp
nτ in (17) as s⊤ntŴ

cp
n , where snt

is a constant vector with 0s and 1s at appropriate places.
The affine invariance of GMM is then leveraged to replace
s⊤ntŴ

cp
n with a 1-dimensional variable, denoted as Ŵ ′

nt [24].
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The problem now is converted to calculating the quantiles
Q1−(ϵt/2N)(Ŵ ′

nt) and Qϵt/2N(Ŵ ′
nt), which are indeed the roots

of the univariate nonlinear equations (18).

CDFŴ ′
nt
(ρ) = 1− (ϵt/2N), CDFŴ ′

nt
(ρ) = ϵt/2N, ∀n; (18)

Step 3. Apply Newton method to solve (18). Denote the re-
sults as ρϵt/2N and ρ1−(ϵt/2N). Rewrite the quantile constraints
(17) as the deterministic linear constraints (19).

V M
n − Vn,1 −

∑t
τ=1W

∆
nτ ≥ ρ1−(ϵt/2N), ∀n;

V m
n − Vn,1 −

∑t
τ=1W

∆
nτ ≤ ρϵt/2N, ∀n; (19)

After applying the above three steps for weeks t = 1, ..., T ,
the original T JCCs (15.2) can be replaced with 2NT tractable
reformulations (19), finally converting model (15) into a
deterministic MILP that can be solved by MILP solvers.

C. The DET-EF Medium-Term CHP Planning Model

The medium-term planning model of DET-EF is a determin-
istic variant of (15), which replaces Ŵ cp,µ

nτ in (15.4) with error-
free predictions and thus naturally degrades the JCC (15.2) into
a deterministic constraint.

D. The Short-Term Scheduling Model to Assess the Deter-
mined Target Carryover Storage Level

The short-term scheduling model (20), as a deterministic
counterpart of (15.1)–(15.9), is used to evaluate the effective-
ness of the determined target carryover storage level. In this
model, W̃nt denotes the WI realizations, and the right-hand-
side parameter V cs

n in constraint (20.5) is set as the determined
target carryover storage level. The objective value (20.1)
describes the actual hydropower generation (i.e., immediate
benefit) over T weeks.

max
Φ

∑
n∈N

∑
i∈In

∑
t∈T λP ⋄

nit

where Φ = {D⋄
nit, I

⋄
nit, P

⋄
nit, S

⋄
nt, V

⋄
n ,W

∆
nt} (20.1)

s.t. V m
n ≤ V ⋄

nt ≤ V M
n , ∀n, ∀t; (20.2)

W∆
nt =

∑
m∈N̄n

(
∑

i∈Im
αD⋄

m,i,t−δ + S⋄
m,t−δ)

−
∑

i∈In
αD⋄

nit − S⋄
nt, S

⋄
nt ≥ 0, ∀n, ∀t; (20.3)

V ⋄
n,t+1 = V ⋄

n,1 +
∑t

τ=1(W̃nτ +W∆
nτ ), ∀n, ∀t; (20.4)

V ⋄
n,T+1 = V cs

n , ∀n; (20.5)

P ⋄
nit = PRtP(D⋄

nit, I
⋄
nit), I

⋄
nit ∈ {0, 1}, ∀n, ∀i,∀t; (20.6)

Pm
niInit ≤ P ⋄

nit ≤ PM
niInit, ∀n, ∀i,∀t; (20.7)

Dm
niInit ≤ D⋄

nit ≤ DM
niInit, ∀n, ∀i,∀t; (20.8)
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