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Abstract: Renewable energy sources, particularly wind power, are being increasingly deployed in power systems to reduce envi-
ronmental contamination. However, the uncertainty of wind power significantly influences power system economy. Therefore,
this paper presents Wiesemann–Kuhn–Sim (WKS)-type distributionally robust optimisation for performing an optimal two-stage
sub-hourly look-ahead economic dispatch considering uncertain wind power. The dispatch considers the scheduling of thermal
generators, wind power generators, and fast-response resources. The optimisation aims at minimising the expected total opera-
tional cost, including the costs of generation, generation shedding, and wind power curtailment. The hourly stage determines the
thermal generation that can withstand the worst-case wind power distribution. The sub-hourly stage schedules the fast-response
operations to correct the hourly dispatch. To characterise the uncertainty, a novel WKS-format ambiguity set that can obtain wind
power distribution from historical data is constructed using the lifting theorem. Based on the ambiguity set and linear decision rule,
a general lemma is employed to convert the model into a tractable conic optimisation that can be directly solved. Experimental
results demonstrate the effectiveness of the presented approach compared to adjustable robust optimisation and sample-based
stochastic optimisation.

Nomenclature

Indices and sets

i/Ng Index/set of thermal generators.

v/Ny Index/set of decisions of sub-hourly RED.
| Ny | is equal to the dimension of ys.

q/Nl Index/set of loads.

t/Nt Index/set of transmission lines.

j/Nw Index/set of wind farms.

d/Nd Index/set of sub-hourly RED.

s/Ns Index/set of stochastic variables w̃s,
| Ns |=| Nw | ×| Nd |.

| N | Number of elements in setN .

Look-ahead economic dispatch variables

p Vector of LED decisions.

pi Output of generator i.

X Feasible set of LED.

Look-ahead economic dispatch parameter

p0
i Generation of generator i in last LED.

pmini /pmaxi Minimal/maximal output of generator i.

Rupi /Rdni Ramp-up/ramp-down capacity of generator i.

ai, bi Production cost coefficients of generator i.

Γ Budget parameter of A-SLED.

Sub-hourly real-time economic dispatch variables

y Vector of sub-hourly RED decisions,
y = {wc, ls,ps, r+, r−}.

w̃ Vector of stochastic wind power generation.

w̃dj Stochastic wind power generation of wind
farm j in sub-hourly RED d.

wc Vector of wcdj , ∀d ∈ Nd, ∀j ∈ Nw.

wcdj Curtailment of wind farm j in sub-hourly
RED d.

ls Vector of lsdq , ∀d ∈ Nd, ∀q ∈ Nl.

lsdq Shedding of load q in sub-hourly RED d.

ps Vector of psdi, ∀d ∈ Nd, ∀i ∈ Ng.

psdi Generation shedding of generator i in sub-
hourly RED d.

r+/r− Vector of r+
di/r

−
di, ∀d ∈ Nd, ∀i ∈ Ng.

r+
di/r

−
di Ramp-up/ramp-down fast-response resource

i in sub-hourly RED d.

Sub-hourly real-time economic dispatch parameters

cwdj Cost coefficient of curtailment of wind farm
j in sub-hourly RED d.

cldq Cost coefficient of shedding of load q in sub-
hourly RED d.

cgdi Cost coefficient of shedding of generator i in
sub-hourly RED d.

ldq Demand of load q in sub-hourly RED d.

Ft Power flow capacity of transmission line t.

τit Power transfer distribution factor of line t
from generator i.

τjt Power transfer distribution factor of line t
from wind farm j.
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τqt Power transfer distribution factor of line t
from load q.

rupdi /r
dn
di Ramp-up/ramp-down capacity of fast-response

resource i in sub-hourly RED d.

Parameters of ambiguity sets

d Coefficient matrix of sub-hourly RED objec-
tive in compact formulation.

T Coefficient matrix of p in compact formula-
tion.

W Coefficient matrix of y in compact formula-
tion.

b Coefficient matrix in compact formulation.

wmin/wmax Vector of wmins /wmaxs .

wmins /wmaxs Minimal/maximal value of w̃s.

µ Vector of µs.

µs First-order value of w̃s.

σ Vector of σs.

σs Second-order value of w̃s.

ξ Vector of ξs.

ξs Third-order value of w̃s.

E|N | | N |-dimension identity matrix.

Variables of ambiguity sets

y(w̃) Decision rule as affine function of w̃.

ys Decision vector related to w̃s.

ysv Element v of ys.

w̃s Stochastic wind power generation s.

ũ Vector of auxiliary variable introduced into
the WKS-format set.

ũs Element s of ũ.

α,β,ϕ,L Dual variables.

Sets and functions

Ω Support set.

K Regular cone.

K∗ Dual cone of K.

L|N | | N |-dimension second-order cone.

R|Ng|×|Ny| R|Ng| × R|Ny| real space.

R|N |+ | N |-dimension non-negative real space.

P Distribution of w̃.

c(x) Cost function of LED strategy x.

Q(x, w̃) Cost function of RED strategy y based on x
and w̃.∏

w̃ P Marginal distribution of w̃ over P .

‖ · ‖2 2-norm of a vector.

EP[·] Expectation over distribution P.

P(R|Ns| × R|Ns|) Space of probability distribution on
R|Ns| × R|Ns|.

P[·] Probability of an event.

Abbreviations

IER Intermittent energy resource.

WPG Wind power generator.

DC Direct current.

UC Unit commitment.

ED Economic dispatch.

DED Day-ahead economic dispatch.

LED Look-ahead economic dispatch.

RED Real-time economic dispatch.

AGC Automatic generation control.

SLED Sub-hourly resolution LED.

HLED Hourly resolution LED.

DO Deterministic optimisation.

SO Stochastic optimisation.

ARO Adjustable robust optimisation.

DRO Distributionally robust optimisation.

PDF Probability distribution function.

WKS Wiesemann–Kuhn–Sim.

D-SLED Distributionally robust sub-hourly LED.

D-HLED Distributionally robust hourly LED.

S-SLED Stochastic sub-hourly LED.

A-SLED Adjustable robust sub-hourly LED.

MCS Monte Carlo simulation.

LP Linear program.

1 Introduction

Currently, several conventional power sources, such as coal power,
are used in power systems. This results in severe environmental con-
tamination [1]. Therefore, renewable energy sources, particularly
intermittent energy resources (IERs), have been widely deployed
in power systems to reduce environmental contamination [2]. How-
ever, because of the uncertainties of IERs, particularly wind power,
it is difficult to balance load demand moment-by-moment on the
generation side without violating the operational constraints of trans-
mission networks. As a result, the imbalance may lead to frequent
load shedding and high usage of reserve resources, which consid-
erably affect power system economy [3, 4]. In this regard, studies
[5-7] have focused on developing approaches to improve power sys-
tem economy; among these, economic dispatch (ED) is considered
one of the most effective methods [8-13].

To improve power system economy, ED divides a dispatch pro-
cess into four sub-processes (day-ahead ED (DED), look-ahead
ED (LED), real-time ED (RED), and automatic generation control
(AGC) [8]) in order to increase the accuracy of the dispatch strategy.
During the ED process, DED [28] provides results pertaining to unit
commitment (UC), the level of fast-response resources, and the base
generation of thermal generators in the day-ahead stage; LED [25]
corrects the base generation of DED in the intra-day stage. On the
basis of the revised base generation, RED [16] schedules the fast-
response resources to handle minute-to-minute fluctuations while
AGC [8] operates automatic units to cope with second-to-second
fluctuations. Among these processes, LED is commonly considered
to be an important underlying stage of ED [9-13] as it is the link
between the day-ahead and intra-day stages. As a result, LED mod-
elling improvements and advanced optimisation approaches have
attracted considerable interest from researchers developing optimal
LED plans including uncertain wind power.

Hetzer et al. [9] presented a single-stage LED model that assumed
that wind speed follows the Weibull distribution. The authors con-
verted the model to a chance-constrained model [10] and claimed
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that the model is effective for achieving the optimal LED for a
power system with uncertain wind power. Certain studies [11-13]
employed single-stage models to optimise dispatch plans consider-
ing the uncertainty of IERs, thus validating the models. However,
single-stage models cannot consider the prediction errors that occur
when IER information is updated. As a result, two-stage LED mod-
els, which contain an additional second stage for simulating RED,
have been widely developed to improve the accuracy of LED opti-
misation. Certain studies [14, 15] validated two-stage LED models at
hourly resolution. However, other works [11, 16, 17] indicated that
hourly-resolution LED (HLED) models neglect the sub-hourly fluc-
tuations in wind power, which may result in operational insecurity. In
this regard, a study [18] investigated the effects of IER fluctuations
on power system operation at different resolutions. Experimental
results demonstrated that sub-hourly resolution LED (SLED) mod-
els can effectively handle the sub-hourly fluctuations of IER by
preventing energy imbalance, network congestion, and load loss
issues.

Moreover, several works adopted heuristic algorithms, such as
genetic algorithms [19], simulated annealing [20], and particle
swarm optimisation [21], to solve LED models accurately and effi-
ciently. However, it is widely known that these algorithms frequently
experience locally optimal and premature issues [22]. Therefore,
mathematical programming approaches have been investigated, par-
ticularly deterministic optimisation (DO), stochastic optimisation
(SO), and adjustable robust optimisation (ARO). For example, stud-
ies [23, 24] employed DO for optimising ED and UC. However,
Wu et al. [12] indicated that the feasibility of DO-based operational
plans cannot be ensured because the uncertainty of IERs is neglected.
Based on a predefined probability distribution function (PDF), SO
[25, 26] generates numerous samples to represent uncertainty. The-
oretically, the feasibility of optimisation considering uncertainty can
be improved. However, the issues of computational intensiveness,
over-optimism, and inaccurate PDFs prevent SO from being widely
used. In this regard, ARO employs the worst-case scenario in an
uncertainty set to implement easy-to-solve and secure uncertainty
modelling [8, 27]. However, ARO may lead to over-conservativeness
because only the worst-case scenario is considered [42].

Distributionally robust optimisation (DRO) [29] has remarkable
optimisation ability because of its excellent uncertainty modelling
ability based on utilising the statistical information obtained from
historical data. DRO innovatively employs an ambiguity set to obtain
the distributions of uncertainty using partial statistical information
instead of the pre-assumed PDFs or simple sets. Hence, DRO can
balance optimism and conservativeness. Based on ambiguity sets
comprising mean and quadratic information, Wei et al. presented
second-order moment DRO models for joint LED of energy and
reserve dispatch [14] and RED [30] considering uncertain wind
power. The authors applied decomposition and iteration algorithms
to solve the models and further indicated that DRO can bridge the
gap between SO and ARO in terms of economy, robustness, and
computational efficiency. However, researches [15, 28] pointed out
that the unbounded ambiguity sets in [14, 30] may involve unrea-
sonably conservative distributions. Therefore, the authors further
introduced interval information into the ambiguity sets, and then
constructed less conservative DRO models for co-dispatch of hydro-
thermal-wind power [15] and contingency-constrained UC [28].
Solving the models with constraint generation iteration algorithm
[15] and the Benders decomposition approach [28], the authors
demonstrated that these bounded ambiguity sets achieve better
economy.

However, these applications [14, 15, 28, 30] of DRO to power
systems are based on various complex decomposition methods and
iteration algorithms that are challenging to extend and re-realisation.
In this regard, Wiesemann, Kuhn, and Sim (WKS) [32] presented
a general WKS-format ambiguity set that can be described by uni-
fied bounded conic constraints. Using the WKS-format ambiguity
set, Li et al. [33] presented a WKS-type DRO, in which the complex
reformulation of intractable two-stage DRO models into tractable
models can be conveniently achieved by using a general theorem.
Moreover, WKS-type DRO can flexibly employ information of var-
ious orders obtained from historical data while maintaining high

efficiency. As a result, WKS-type DRO significantly extends the
previous work [32] into a class of two-stage SO problems, thus pro-
viding an excellent alternative for solving two-stage power system
optimisation problems considering IER uncertainty.

Therefore, motivated by the aforementioned works, this paper
presents a WKS-type DRO approach for optimising SLED for
transmission networks considering uncertain wind power. The main
works of this paper are as follows:

(1) A distributionally robust two-stage SLED model (D-SLED) is
presented in this paper. D-SLED aims to minimize the expected total
operational cost. The hourly first stage determines the LED strategy
according to the worst-case wind power distribution while the sub-
hourly second stage schedules fast-response operations. As a result,
D-SLED effectively provides a robust and economic LED strategy.

(2) To capture wind power uncertainty, the lifting theorem [32]
is applied to construct the WKS-format ambiguity set that contains
interval, mean, quadratic, cubic, and even higher-order information
instead of solely mean and quadratic information [14, 30]. Ulti-
mately, the wind power uncertainty can be characterised accurately
so that a less conservative LED can be achieved.

(3) Based on the linear decision rule [31, 34] and WKS-format
ambiguity set, we employ a highly general theorem in [33] as a
lemma to directly convert D-SLED into a tractable conic optimisa-
tion problem that can effectively be solved. Compared with previous
DRO approaches based on constraint generation iteration methods
[14, 15, 30, 42] or decomposition algorithms [28, 43], WKS-type
DRO is more convenient and tractable to implement owing to the
general theorem. Finally, the effectiveness of D-SLED is compared
with that of DRO-based HLED (D-HLED), SO-based SLED (S-
SLED), and ARO-based SLED (A-SLED) on the IEEE 118-bus
transmission network.

The remainder of the paper is organised as follows: Section 2
presents the mathematical model of D-SLED. The details of the
WKS-format ambiguity set and the equivalent conic reformulation of
D-SLED are provided in Section 3. Section 4 presents and discusses
the experimental results. Section 5 concludes the paper.

2 D-SLED modelling

2.1 Problem statement

Fig. 1 shows the four stages of a typical ED process. As uncer-
tain wind power cannot be predicted accurately in the day-ahead
stage, the inaccuracy issue generally results in uneconomic DED
[11]. Therefore, economic operation strongly relies on the intra-day
LED to correct the base generation of DED. Moreover, RED and
AGC cannot handle the strong short-term fluctuations in wind power.
Hence, these two intra-day stages must be implemented based on
the revised set points of the generators; otherwise, load shedding
will occur frequently [38, 39]. In this regard, the deployment of
LED considerably eases the operational burdens on RED and AGC,
thus improving operational feasibility and robustness [12, 13]. As a
result, LED has been widely regarded as the key link between the
day-ahead and intra-day stages.

Fig. 2 shows that conventional HLED only considers average
wind power information across the dispatch horizon. However,
SLED considers sub-hourly information by employing several sub-
hourly RED processes for further improving operation economy.
As a result, this paper focuses on D-SLED in order to provide an
economic LED plan involving uncertain wind power.

2.2 Basic model of D-SLED

Although LED is commonly carried out every 15 min throughout
the dispatch day, this paper presents a model representing only a sin-
gle LED process among dynamic LED processes for a general and
simplified analysis. In the presented model, UC results and capaci-
ties of fast-response resources have been determined in DED; wind
power information and certain load demand forecasts are locked in
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Fig. 1: Cooperation of DED, LED, RED, and AGC.

Fig. 2: Comparison of HLED and 10-min resolution SLED.

minutes before implementing LED optimisation. The initial genera-
tion of each generator is determined according to the previous LED
strategy.

In the proposed two-stage D-SLED modelling, the first stage is
to simulate LED, which determines the optimal LED strategy p
for available thermal generators before the observation of w̃. The
objective and constraints are represented as (1)–(3).

min
p

∑
i∈Ng

[ai(pi)
2 + bipi] + sup

P∈P
EP[Q(p, w̃)]

 (1)

s. t. pmini ≤ pi ≤ pmaxi ,∀i ∈ Ng , (2)

Rdni ≤ pi − p
0
i ≤ R

up
i , ∀i ∈ Ng. (3)

In the dispatch horizon, constraints (2) and (3) indicate the gen-
eration limitation and ramping limitation, respectively. Considering
that the worst wind power distribution P of an ambiguity set P will
occur in RED, objective (1) aims at minimising the expected total
operational cost.

As the thermal generation strategy is determined without observ-
ing w̃, the plan may result in energy imbalance. Therefore, the
second stage ((4)–(11)) is applied as the corrective action after
realizing w̃. This stage determines the optimal fast-response oper-
ations y = {wc, ls,ps, r+, r−} in the sub-hourly RED processes.
The operations comprise wind power curtailment wc, load shed-
ding ls, generation shedding ps, and the utilisation of fast-response
resources r+/r−.

sup
P∈P

EP [Q (p, w̃)] = sup
P∈P

EP (4)min
y

∑
d∈Nd

 ∑
j∈Nw

cwdjw
c
dj +

∑
q∈Nl

cldql
s
dq +

∑
i∈Ng

cgdip
s
di


s. t. 0 ≤ wcdj ≤ w̃dj ,∀d ∈ Nd,∀j ∈ Nw , (5)

0 ≤ lsdq ≤ ldq ,∀d ∈ Nd,∀q ∈ Nl, (6)

0 ≤ psdi ≤ pi, ∀d ∈ Nd, ∀i ∈ Ng , (7)

0 ≤ r+
di ≤ r

up
di ,∀d ∈ Nd,∀i ∈ Ng , (8)

0 ≤ r−di ≤ r
dn
di ,∀d ∈ Nd,∀i ∈ Ng , (9)

−F t ≤
∑
i∈Ng

τit(pi − psdi) +
∑
j∈Nw

τjt(w̃dj − wcdj)

−
∑
q∈Nl

τqt(ldq − lsdq) +
∑
i∈Ng

τit(r
+
di − r

−
di) ≤ Ft,

∀d ∈ Nd,∀t ∈ Nt, (10)∑
i∈Ng

(pi − psdi) +
∑
j∈Nw

(w̃dj − wcdj) +
∑
i∈Ng

(r+
di − r

−
di)

=
∑
q∈Nl

(ldq − lsdq), ∀d ∈ Nd. (11)
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Objective (4) is a two-level problem. The outer level supremum
function searches for the worst wind power distribution P. The inner
level function minimises the RED cost under the worst-case distribu-
tion P. For each sub-hourly RED process d, constraint (5) limits the
amount of wind power curtailment; constraint (6) indicates the range
of load shedding; constraint (7) represents the limitation of gener-
ation shedding; constraints (8) and (9) limit the utilisation of the
fast-response resources within the capacity that has been purchased
in DED; constraint (10) ensures the security of the transmission lines
based on DC power flow model [38-41]; constraint (11) guarantees
the energy balance.

2.3 Compact matrix formulation of D-SLED

To simplify the presentation, the modelling of D-SLED ((1)–(11)) is
rewritten as the compact form shown by (12)–(15).

min
p∈X

{
c (p) + sup

P∈P
EP[Q(p, w̃)]

}
(12)

Q(p, w̃) = min
y
d>y (13)

s. t. Tp+Wy = b, (14)

y ≥ 0. (15)

As the solution of EP[Q(p, w̃)] is based on solving Q(p,w̃)
considering all realisations of w̃, the solution is computationally
intractable. To handle this issue according to [31, 33, 35, 38-40],
this study employs the linear decision rule in the second stage. The
rule defines that T , b, and y are affinely dependent on w̃. As a result,
the second stage based on the rule is represented by (16)–(18).

T = T (w̃) = T 0 +
∑
s∈Ns

T sw̃s, (16)

b = b(w̃) = b0 +
∑
s∈Ns

bsw̃s, (17)

y = y(w̃) = y0 +
∑
s∈Ns

ysw̃s, (18)

w̃ = [w̃11, . . . , w̃1|Nw|,

w̃21, . . . , w̃2|Nw|, . . . ,

w̃|Nd|1, . . . , w̃|Nd||Nw|]
>

= [w̃1, . . . , w̃|Ns|]
>, |Ns| = |Nw| × |Nd|. (19)

The presented linear decision rule is, to some extent, a lin-
ear approximation of the nonlinear relationship between (T , b,y)
and w̃, whose accuracy has been proven to be acceptable [38-
40]. Although it inevitably introduces a certain conservatism to
the model, it can bring significant computational tractability and
scalability.

3 Reformulation of D-SLED with WKS-format
ambiguity set

3.1 Statistic information obtained from historical data

This subsection presents the extraction of statistic information from
historical data. The ambiguity set construction in DRO is based on
the extracted statistic information.

wmins ≤ w̃s ≤ wmaxs , ∀s ∈ Ns, (20)

EP′ [w̃s] = µs, ∀s ∈ Ns, (21)

EP′ [w̃2
s ] ≤ σs, ∀s ∈ Ns, (22)

EP′ [w̃3
s ] ≤ ξs,∀s ∈ Ns. (23)

For the uncertain wind power generation w̃s under a certain dis-
tribution P′, inequality (20) provides a prediction interval, equation
(21) indicates that the mean of the predicted generation is µs,
inequality (22) reveals that the quadratic value of the predicted gen-
eration is no higher than σs, and inequality (23) indicates that the
cubic value of the predicted generation is less than or equal to ξs.

3.2 General ambiguity set construction

Based on the statistic information given by (20)–(23), for an uncer-
tain wind power vector w̃ ∈ R|Ns|, a general ambiguity set P ′
containing a family of wind power distributions can be constructed
using (24).

P ′=

P′ ∈ P0(w̃ ∈ R|Ns|) :

Ω′ : {w̃ ∈ [wmin,wmax]}
P′[w̃ ∈ Ω′] = 1
EP′ [w̃] =µ
EP′ [w̃2] ≤ σ
EP′ [w̃3] ≤ ξ


(24)

The interval and first-order expectation information in P ′ provide
the basis for wind power prediction. Additionally, higher-order infor-
mation represents the quality of the basis according to the degree of
information dispersion.

3.3 Lifting the general ambiguity set to WKS-format
ambiguity

The high-order information terms, including the quadratic and cubic
terms of (24), prevent the effective solution of D-SLED. Therefore,
the lifting theorem [32, 33] is adopted to lift the general ambiguity
set to a WKS-format ambiguity (25) set such that Lemma 1 can be
employed to solve D-SLED. The details of the lifting theorem are
provided in Appendix 7.1 while the construction process is provided
in Appendix 7.2.

P =

P ∈ P0(
w̃ ∈ R|Ns|

ũ ∈ R|Ns| ) :
Ω = {Csw̃ +Dsũ�Ks

fs}
P[(w̃, ũ) ∈ Ω] = 1
EP[Aw̃ +Bũ] = e


A =

[
E|Ns|

0

]
2|Ns|×|Ns|

,B =

[
0

E|Ns|

]
2|Ns|×|Ns|

,

C0 =

[
E|Ns|
−E|Ns|

]
2|Ns|×|Ns|

,

D0 = 0,

e =

[
µ
σ

]
2|Ns|×1

,

Cs =


0
0
0

· · ·
· · ·
· · ·

0
0
0

sth︷︸︸︷
1
0
0

0
0
0

· · ·
· · ·
· · ·

0
0
0


3×|Ns|

,

Ds =


0
0
0

· · ·
· · ·
· · ·

0
0
0

sth︷ ︸︸ ︷
0

1/2
1/2

0
0
0

· · ·
· · ·
· · ·

0
0
0


3×|Ns|

,

f0 =

[
wmin

−wmax
]

2|Ns|×1

,fs =

 0
1/2
− (1/2)


3×1

,

K0 ∈ R2|Ns|×1
+ ,Ks = L3, s = 0, 1, 2, · · · , |Ns|.

(25)
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Equation (25) represents a second-order WKS-format ambigu-
ity set containing interval, first-order, and second-order information.
Unlike the initial ambiguity set P ′, P can preserve available wind
power statistical information, such as prediction intervals, first-order
information, and even higher-order information, in the unified conic
format rather than in different formats. Therefore, P possesses
flexible high-order information utilisation capacity (order-utilisation
ability), which potentially balances optimism and conservatism.
Additionally, P is proved to be more tractable than P ′.

It should be pointed out that although third-order is the highest
order of information employed in this paper, only the reformulation
process of the second-order ambiguity set is provided, because the
second-order set is the most general in terms of practical application.
Additionally, the reformulations for ambiguity sets with different
orders follow the same general methodology and their details have
been provided in [33].

3.4 Reformulation of D-SLED using Lemma 1

To solve min-sup-min D-SLED effectively, Theorem 1 of [33] is
employed, which is summarised as Lemma 1.

Lemma 1: Under the linear decision rule ((16)–(18)) with WKS-
format ambiguity set (25), the second-stage RED ((13)–(15)) as a
linear program (LP) can be equivalently reformulated to the conic
optimisation problem given by (26).

sup
P∈P

EP

min
y
d>(y0 +

∑
s∈Ns

ysw̃s)


s. t. T (w̃)p+Wy(w̃) = b(w̃),

T (w̃) = T 0 +
∑
s∈Ns

T sw̃s,

y(w̃) = y0 +
∑
s∈Ns

ysw̃s,

b(w̃) = b0 +
∑
s∈Ns

bsw̃s,

y(w̃) ≥ 0.

⇔ min
Y ,L,α,β,ϕ

[e>α+ β]

s. t. T sp+Wys = bs,

C>ϕ = A>α− Y 0>
d,

D>ϕ = B>α,

C>Lv = yv ,

D>Lv = 0,

f>ϕ− d>y0 + β ≥ 0,

y0
v + f>Lv ≥ 0,

Y = [y0,y1, . . . ,y|Ns|]

= [y0,Y 0] ∈ R|Ny| × R|Ny|×|Ns|,

yv = [y1
v , . . . , y|Ns|

v ]> ∈ R|Ns|×1,

L =
[
L1, . . . ,L|Ny|

]
∈ R3×|Ny|,

α ∈ R2|Ns|×1,β ∈ R,

ϕ ∈ L3,Lv ∈ L3,

∀v ∈ Ny , ∀s ∈ Ns. (26)

Conic optimisation problem (26) leads to the final formulated D-
SLED (27).

Table 1 Characteristics of the four cases.

Cases Characteristics of Wind Power Condition

1 Sufficient Winter, from 7 p.m. to 8 p.m.
2 Insufficient Summer, from 1 p.m. to 2 p.m.
3 Decreases over time Wind fluctuates from fast to slow
4 Increases over time Wind fluctuates from slow to fast

min
p,Y ,L,α, β,ϕ

∑
i∈Ng

[
ai(pi)

2 + bipi

]
+ e>α+ β


s. t. pi

min ≤ pi ≤ pimax,

Rdni ≤ pi − p
0
i ≤ R

up
i ,

T sp+Wys = bs,

C>ϕ = A>α− Y 0>
d,

D>ϕ = B>α,

C>Lv = yv ,

D>Lv = 0,

f>ϕ− d>y0 + β ≥ 0,

y0
v + f>Lv ≥ 0,

Y = [y0,y1, . . . ,y|Ns|],

= [y0,Y 0] ∈ R|Ny| × R|Ny|×|Ns|,

yv = [y1
v , . . . , y|Ns|

v ]> ∈ R|Ns|×1,

L =
[
L1, . . . ,L|Ny|

]
∈ R3×|Ny|,

α ∈ R2|Ns|×1,β ∈ R,ϕ ∈ L3,Lv ∈ L3,

∀v ∈ Ny ,∀s ∈ Ns,∀i ∈ Ng. (27)

Finally, based on the linear decision rule and WKS-format ambi-
guity set, Lemma 1 enables D-SLED models with different orders to
be reformulated as the unified conic models (27) that can be directly
solved by commercial solvers.

4 Experimental result

4.1 Experimental setting

The IEEE 118-bus system with 186 lines, 54 generators, and 8 wind
power generators (WPGs) is employed for the experiments. The
parameter settings are provided in Appendix 7.3 Table 5. Four typi-
cal hourly cases from Southwest China are selected to evaluate and
validate the effectiveness of D-SLED. The details of the cases are
summarized in Table 1 and Appendix 7.4 Fig. 8.

The dispatch horizon is 1 h [14]. Dispatch decisions include
LED strategy p and RED strategy y = {wc, ls,ps, r+, r−}. The
LED strategy will be implemented by the generators while the RED
results merely serve for performance evaluation.The details of the
experimental environment and performance evaluation are listed in
Table 2.

4.2 Investigating the economy of SLED

The performances of 10-min, 20-min, 30-min, and 60-min resolution
models are evaluated and compared. Based on a Gaussian distribu-
tion with 15% root mean square error [14], a Monte Carlo simulation
(MCS) generates 1000 scenarios to construct the WKS-format ambi-
guity set with the interval and the first-order information. Another
3000 scenarios are generated for evaluation. Fig. 3 illustrates the
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Table 2 Details of the experimental environment and optimisation evaluation.

Experimental Environment

CPU: Corei3-7100@3.0 GHz.
RAM: 4 GB.
Platform: MATLAB 2016.
Solvers: CPLEX for LP and mixed integer LP, MOSEK for convex optimisa-
tion.

Optimisation Phase

Step 1: Set maximum prediction error for Monte Carlo simulation (MCS).
Step 2: MCS generates a number of historical scenarios using the four
cases, in which the order information is obtained.
Step 3: Solve the problems (27). Record the expected total operational cost,
the first-stage decision p, the first-stage cost c(p), and solving time. The
expected total cost of the problem (27) provides the optimism degree of the
optimisation.

Evaluation Phase

Step 4: Based on the same prediction error assumptions, MCS generates
the testing scenarios.
Step 5: Input p into the second-stage problem (13)–(15). Solve the second-
stage problem for each testing scenario. Record each actual second-stage
decision and the average second-stage cost of all test scenarios.
Step 6: Add the average second-stage cost to the first-stage cost c(p), to
obtain the actual total operational cost. The economy of the optimisation
can be evaluated based on the actual total cost.

Fig. 3: Comparison of the influence of different resolutions on costs.

relationship between cost and resolution. In the four cases, the
expected total cost of SLED is higher than that of HLED. As higher
expected total cost signifies more conservativeness optimisation
results, Fig. 3 indicates that the finer models are more conserva-
tive than the rougher models. The difference in conservativeness
occurs because the finer models consider the sub-hourly wind power
fluctuations in the dispatch horizon more comprehensively, while
rougher models roughly average the fluctuations. As a result, finer
models provide a more conservative LED strategy to handle the
sub-hourly fluctuations at different time points. Contrarily, rougher
models, especially 60-min models, lead to a more optimistic strat-
egy because the models optimistically consider that the wind power
in the dispatch horizon is relatively average and stable. Although
the conservative strategy increases the actual total cost in case 1, it
reduces the actual cost in cases 2, 3, and 4. The differences in the
actual cost trends owe to the different characteristics of the cases.
Specifically, the wind power in case 1 is sufficient and stable while
that of cases 2, 3, and 4 is insufficient or fluctuating. As a result, the
conservative strategy of the rougher models results in lower econ-
omy in case 1 but significantly improves the economy in cases 2, 3,
and 4.

Fig. 4 further shows that the load shedding probability of SLED
is always lower than that of HLED in the four cases. Because the
probability is an important index of robustness, this result strongly
indicates that SLED can provide better robustness.

Fig. 4: Comparison of the effect of different resolutions on load
shedding.

Fig. 5: Comparison of the costs of D-SLED with different order-
utilisation levels.
These models are represented as equation (27), where 1st-order indicates that the ambi-
guity set comprises interval and first-order information; 2nd-order indicates that the
ambiguity set comprises interval, first-order, and second-order information; and 3rd-
order indicates that the ambiguity set comprises interval, first-order, second-order, and
third-order information.

4.3 Evaluating the economic benefits from the
order-utilisation ability of D-SLED

To evaluate the economic benefits from the order-utilisation ability,
D-SLED models based on first-order, second-order, and third-order
ambiguity sets are compared using models with the same resolu-
tion; the results are showed in Fig. 5. The line charts illustrate
that in models with the same resolution, higher-order information
results in first-stage strategies with different levels of conservative-
ness. Specifically, although some outliers exist, the conservativeness
of the first-stage strategy with higher-order information generally
tends to be lower in cases 1, 2, and 4; the conservativeness of the
first-stage strategy with higher-order information increases in case
3. In terms of the expected cost, the histograms demonstrate that for
the models with the same resolution, the expected cost with higher-
order information becomes lower in all four cases. Moreover, the
histograms also indicate that in all four cases, utilising higher-order
information reduces the actual total costs in terms of the models
with the same resolution. The lowest actual and expected costs are
achieved in cases where the third-order information is utilised.
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Table 3 Comparison of D-SLED and S-SLED.

Resolution Method Scenarios Time (s) Total Cost ($) Actual Total Cost Interval
Expected Actual

10 min
S-SLED 50 399.16 39234.48 42827.72 [42784.66, 46127.25]

500 1269.90 41262.99 42361.16 [42242.66, 47169.27]

D-SLED 50 402.12 44137.44 44147.78 [44035.21, 44197.49]
500 392.92 43924.71 43930.51 [43876.65, 44047.43]

20 min
S-SLED 50 66.67 38645.89 42827.72 [42284.06, 46627.35]

500 301.46 40544.44 42606.03 [42424.65, 47819.36]

D-SLED 50 76.86 43998.44 43999.32 [43989.11, 45021.53]
500 71.86 43149.56 43279.06 [43259.21, 45214.91]

30 min
S-SLED 50 39.45 33969.90 43096.58 [38842.86, 63759.25]

500 285.26 34950.40 42629.43 [40964.54, 53845.66]

D-SLED 50 53.42 43098.33 43225.60 [43098.22, 47524.44]
500 51.14 43024.15 42934.97 [42898.22, 47908.94]

Fig. 6: Comparison of S-SLED and D-SLED.
a Difference between the total cost interval of S-SLED and D-SLED.
b Load shedding probability of S-SLED and D-SLED.

These outcomes occur because the ambiguity sets with higher-
order information can comprehensively capture the wind power
distribution to achieve more appropriate first-stage strategies for dif-
ferent cases. Further, more comprehensive wind power distribution
allows the optimisation to be optimistic, so that the expected cost
is lower. In terms of the economic benefits, the actual cost results
indicate that the strategy with higher-order information achieves
economic improvement. As a result, it can be concluded that the
order-utilisation ability can help D-SLED to improve the economy
of operation.

Additionally, as finer models consider the sub-hourly fluctua-
tions accurately, the improvement in the economy resulting from
the order-utilisation ability is more significant in finer models, espe-
cially in 10-min resolution SLED. This proves that it is significantly
appropriate to apply the order-utilisation ability of WKS-type DRO
to SLED.

4.4 Comparison of solution methods

4.4.1 Comparison of D-SLED and S-SLED: Based on the
Gaussian distribution with 15% root mean square error [14], 50
and 500 scenarios are generated based on case 1 for optimisation
while 1500 scenarios are generated for evaluation. The experimental
results are listed in Table 3. Under the assumption that the distribu-
tion can appropriately capture the uncertainty, the table indicates that
to immunise the thermal generation plan against the worst-case dis-
tribution, the actual total cost of D-SLED is generally higher than
that of S-SLED with the same resolution and number of scenar-
ios. However, S-SLED strongly relies on the large-size scenarios
to reduce the actual total cost. Therefore, computational efficiency
decreases as the number of scenarios increases. In contrast, the com-
putational efficiency of D-SLED in Table 3 is influenced by the
resolution but not by the number of scenarios. Hence, computational
efficiency can be ensured.

Fig. 6(a) shows that although the actual total cost interval of D-
SLED is short, D-SLED ensures that the expected total cost lies
within the interval. This result proves that D-SLED can provide
appropriate expected total cost. In contrast, S-SLED cannot ensure

Table 4 Comparison of computational efficiencies of D-SLED and A-SLED.

Maximum Prediction Error D-SLED (s) A-SLED (s)

Γ = 6 Γ = 10 Γ = 14

15% 55.29 19.79 36.56 49.54
20% 54.22 17.00 26.67 59.45
25% 61.30 21.32 29.45 63.49

Fig. 7: Comparison of A-SLED and D-SLED.
a Comparison of the actual total cost.
b Comparison of the actual second-stage cost.
c Comparison of the load shedding probability.

the expected total cost within the interval, which indicates that S-
SLED is over-optimistic. Fig. 6(b) further shows that S-SLED relies
on the large-size scenario to decrease the load shedding probabil-
ity. However, the probability of D-SLED remains almost the same
even when the number of scenarios decreases from 500 to 50. More-
over, the probability of D-SLED is generally lower than that of
S-SLED. The load shedding improvement owes to the fact that D-
SLED employs order information rather than large-size scenarios
to capture the worst-case distribution. As a result, the robustness
of D-SLED outperforms S-SLED in terms of stability and overall
performance.

4.4.2 Comparison of D-SLED and A-SLED: The formu-
lation and solution method of A-SLED are briefly provided in
Appendix 7.5. According to the formulation, the uncertainty set of
A-SLED has the same interval structure as the initial support set Ω′

of D-SLED. Both sets are constructed using maximum prediction
errors of 15%, 20%, and 25%. The following experiments are based
on 30-min models. In A-SLED, the budget parameter Γ determines
the conservative level of the optimisation, and it varies from 0 to
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16. In our experiments, budgets Γ = 6, 10, and 14 are employed
for comparison, which represent three worst-case scenarios with
different pessimistic degrees.

According to Table 4, although the computational efficiency of
A-SLED with Γ = 6 and 10 is higher than that of D-SLED, both
models are comparable in terms of solving time. Fig. 7(a) shows that
the actual total costs of A-SLED with Γ = 10 and 14 are higher
than those of D-SLED. This is because D-SLED only focuses on the
worst distribution instead of the worst scenario. As a result, a more
economical solution can be achieved using D-SLED.

Fig. 7(b) and Fig. 7(c) further compare the robustness. Fig. 7(b)
demonstrates that the actual second-stage RED costs of A-SLED
with Γ = 6 and 10 are higher than those of D-SLED. As the robust-
ness partly reflects on cost of RED, Fig. 7(b) indicates that D-SLED
is more robust than A-SLED with Γ = 6 and 10 while less robust
than A-SLED with Γ = 14. In this regard, as Fig. 7(c) illustrates, the
reason is that the load shedding probability of D-SLED is between
that of A-SLED with Γ = 10 and that of A-SLED with Γ = 14.

5 Conclusion

This paper presents a DRO-based two-stage sub-hourly LED model
to obtain the optimal LED strategy considering wind power uncer-
tainty. The model considers sub-hourly fluctuations in wind power
to develop an accurate dispatch strategy. Before the realisation of
wind power uncertainty, the hourly first stage provides a look-ahead
thermal generator output plan according to the worst wind power
distribution. Then, the sub-hourly second stage implements the fast-
response operation to correct the look-ahead strategy as long as the
uncertainty of wind power is realised. A novel WKS-format ambigu-
ity set is constructed using the lifting theorem. The ambiguity set can
fully utilise historical statistic information, including interval, mean,
quadratic, cubic, and higher-order information, to obtain a family
of wind power distributions. Therefore, the look-ahead strategy can
withstand the worst-case distribution in the ambiguity set. Based on
the unified conic formulation of the WKS-format ambiguity set and
the linear decision rule, D-SLED can be converted into a tractable
conic optimisation problem using Lemma 1 such that D-SLED can
be effectively and directly solved. The experimental results indicate
the effectiveness of the presented D-SLED. Compared with the con-
ventional HLED model, the presented model achieves significant
economy and robustness improvements. Case studies indicate that
WKS-type DRO outperforms SO and ARO in terms of balancing
economy, robustness, and computational efficiency. Our future work
will further consider security constraints and the multiple uncer-
tainties of solar power and load demand, and then execute LED
optimisation in a dynamic receding horizon.
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7 Appendices

7.1 Lifting theorem

Let σ ∈ RT , and let g(·) : RR → RT be a function with a K-conic
representable epigraph. The ambiguity set given by (28) can be lifted
to (29). More details are provided in [32, 33].

P ′ =
{
P ∈ P0(RR) : EP′ [g(w̃)�K σ]

}
(28)

P =

{
P ∈ P0

(
RR × RT

)
:

EP [ũ] = σ
P [g(w̃)�Kũ] = 1

}
(29)

7.2 Proof of equivalence between a general ambiguity set
and a WKS-format ambiguity set

Using the general second-order ambiguity set (30) as an example,
the following proof can prove the equivalence relationship between
the general ambiguity set (30) and the WKS-format ambiguity set
(25).

P ′=

P′ ∈ P0(w̃ ∈ R|Ns|) :

Ω′ : {w̃ ∈ [wmin,wmax]}
P′[w̃ ∈ Ω′] = 1
EP′ [w̃] =µ
EP′ [w̃2] ≤ σ


(30)

Proof: According to the definitions ofC0 and f0 given by (25), the
support set Ω′ in (24) can be reformulated to a conic formulation as
(31).


Ω′ = {w̃ : wmin ≤ w̃ ≤ wmax}

⇔

[
E|Ns|
−E|Ns|

]
w̃ ≤

[
wmin

−wmax

]
⇔ C0w̃�K0

f0

(31)

The conic support set Ω′ = {w̃ : C0w̃�K0
f0} already satisfies

the requirement of applying the lifting theorem; hence, P ′ (30) can
be lifted to P (32).

P =

P ∈ P0(
w̃ ∈ R|Ns|

ũ ∈ R|Ns| ) :

Ω =

{
w̃ :

C0w̃�K0
f0

w̃2 ≤ ũ

}
P[(w̃, ũ) ∈ Ω] = 1
EP[w̃] = µ
EP[ũ] = σ


(32)

In the lifted P (32), the new auxiliary vector ũ introduces the
second-order information into the inequality w̃2 ≤ ũ of Ω. The
inequality can be converted to a second-order conic formulation, as
given by (33).



w̃2 ≤ ũ
⇔ w̃2

s ≤ ũs = [(ũs + 1)/2]2 − [(ũs − 1)/2]2

⇔ w̃2
s + [(ũs − 1)/2]2 ≤ [(ũs + 1)/2]2

⇔
∥∥∥∥[ w̃s

(ũs − 1)/2

]∥∥∥∥
2

≤ (ũs + 1)/2

⇔

 w̃s
(ũs − 1)/2
(ũs + 1)/2

 ∈ L3,∀s ∈ Ns

(33)

Based on the definitions of Cs, Ds, fs, and Ks in (25), the
second-order conic formulation in (33) can be unified into the conic
formulation given by (34).
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

 w̃s
(ũs − 1)/2

(ũs + 1)/2

 =


0

0

0

· · ·
· · ·
· · ·

0

0

0

sth︷︸︸︷
1

0

0

0

0

0

· · ·
· · ·
· · ·

0

0

0

 w̃+


0

0

0

· · ·
· · ·
· · ·

0

0

0

sth︷ ︸︸ ︷
0

1/2

1/2

0

0

0

· · ·
· · ·
· · ·

0

0

0

 ũ−
 0

1/2

− (1/2)


⇔ Csw̃ +Dsũ�Ks

fs, ∀s ∈ Ns
(34)

Based on the definitions of A, B, and e in (25), the expectation
terms of (32) can be rewritten as (35).

{
EP [w̃] = µ

EP [ũ] = σ
⇔ EP [Aw̃ +Bũ] = e (35)

According to (31) to (35), general ambiguity set P ′ (30) can be
equivalently converted into WKS-format ambiguity set P (25). The
proof is completed. �

7.3 System parameters

The partial details of the parameter settings are listed in Table 5,
which are similar to the settings used in [14]. Additionally, any other
parameter settings without special declaration, such as the initial unit
output, and load data are configured as IEEE standard data.

Table 5 Partial details of the experimental parameters.

Parameter Setting

cwdj 50 $/MWh

cldq 500 $/MWh

cgdi 350 $/MWh

Rup
i 40% of maximal output of generator i

Rdn
i 40% of maximal output of generator i

rup
i 40% of maximal output of generator i

rdni 40% of maximal output of generator i

Buses of WPGs #12, #17, #49, #59, #70, #77, #92, #100

7.4 Details of cases

The details of the four cases employed for the experiments are shown
in Fig. 8. The maximal, rated, and minimal generation of these
WPGs are 300 MW, 100 MW, and 0 MW. Therefore, 100 MW is
selected as a threshold. If the generation of WPGs is higher than 100
MW, the generation is regarded as sufficient; otherwise, it is insuffi-
cient. According to [44], typical cases include case 1 (sufficient wind
power) and case 2 (insufficient wind power). In addition to cases 1
and 2, this paper adds case 3 (wind power decreases from sufficient
to insufficient over time) and case 4 (wind power increases from
insufficient to sufficient over time). As a result, the four cases can
represent the most typical cases of WPG operation.

Fig. 8: Curves of available wind power generation in the four cases.

7.5 Formulation of A-SLED

The compact formulation of A-SLED is shown by (36).

min
p

{
c (p) + max

w̃
min
y

(d>y)

}
s. t.HLED (p) = 0,

GLED (p) ≤ 0,
HRED (p, w̃,y, Γ) = 0,
GRED (p, w̃,y, Γ) ≤ 0.

(36)

In (36), HLED(·) = 0 and HRED(·) = 0 represent the equal-
ity constraints in LED and RED stages; GLED(·) ≤ 0 and
GRED(·) ≤ 0 denote the inequality constraints in LED and RED
stages; Γ is the budget parameter that determined the pessimistic
degree of the worst-case scenario in an uncertainty set.

According to [42], the uncertainty set characterizing the uncertain
wind power generation is expressed by (37).

w̃ ∈ [wmin,wmax] (37)

In order to adjust the pessimistic degree of the worst-case scenario
in the uncertainty set, adjustable robust constraint (38) is introduced
to restrict the number of the worst-case realizations.

|Ns|∑
s=1

[
w̃s − µs
w+
s

· ρ+
s +

µs − w̃s
w−s

· ρ−s
]
≤ Γ (38)

In (38), µs is the wind power prediction, which is the first-order
information; w+

s and w−s are the upward and downward fluctuation
ranges; ρ+

s and ρ−s are 0-1 integer variables.
Based on the construction of (38), if µs ≤ w̃s, then ρ+

s = 1 and
ρ−s = 0; otherwise, ρ+

s = 0 and ρ−s = 1. Γ denotes the number
of times that the wind power generation reaches the boundary val-
ues. Therefore, the conservativeness of the strategy can be adjusted
by tuning the value of Γ. A larger Γ leads to a more conservative
optimization. In this regard, ARO is equivalent to traditional robust
optimisation when Γ is set to its maximum. For models with 30-
min resolutions, the range of Γ is [0, 16]. Therefore, budgets Γ = 6,
Γ = 10, and Γ = 14 that represent different levels of robustness are
selected for the comparison.

To solve A-SLED, this study follows the method described in
[42], which employs a column-constraint generation algorithm, the
Big-M method, and the duality theorem. For more details regarding
the solution method, please refer to [42].
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